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INTRODUCTION 

The p resen t  document i s  t h e  f i r s t  of t h r e e  volumes of t he  User's 

Manual f o r  t h e  STAGS computer code. Together t h e  t h r e e  volumes desc r ibe  

t h e  code and g ive  i n s t r u c t r o n s  f o r  i t s  use. 

t h e  use r  i n s t r u c t i o n s  and t h e  t h i r d  volume g ives  t h e  r e s u l t s  of a series 

of example cases. The p resen t  volume p resen t s  3 d e t a i l e d  d e s c r i p t i o n  of 

t h e  bas i c  theory (Sections 2 through 8) .  Nonlinear e f f e c t s  are discussed 

i n  Section 4 ,  " P l a s t i c i t y , "  and i n  Sec t ion  5, "Geozcetric Noril inearit ies." 

Sec t ion  6 con ta ins  a d i scuss ion  of  s p e c i a l  problems i n  d i s c r e f i z e d  analy- 

sis ( f i n i t e  d i f f e r e n c e s  o r  f i n i t e  elements) of s h e l l s .  P r o c d z r e s  f o r  

s o l u t i o n  of t h e  a l g e b r a i c  equations a r e  discussed i n  Sec t ion  7. 

The second volume con ta ins  

Before t h e  high speed computer was  avsi-lable and s u i t a b l e  s o f t -  

w a r e  developed, i t  w a s  hard ly  poss ib l e  t o  perform a n  accu ra t e  a n a l y s i s  of 

anything b u t  t he  ve ry  s imples t  s t r u c t u r a l  components. Today much b e t t e r  

t o o l s  a r e  a v a i l a b l e ,  bu t  t h i s  2;i~fs no t  n e c e s s a r i l y  mean t h a t  a good analy- 

sis always is performed. 

t h e r e f o r e  a good nonl inear  a n a l y s i s  r e q u i r e s  no t  only a good computer code 

b u t  a l s o  t h e  p a r t i c i p a t i o n  of a w l l - t r a i n e d  a n a l y s t .  Use cf a soph i s t i -  

ca ted  computer program without a reasonable understanding of i t s  theore t -  

ical  background and the s c l u t i o n  procedures involved may be worse than a 

"quick and d i r t y "  solutior? h e c m s e  i t  l e a d s  ts an u n j u s t i f i e d  sense of 

secur  it?. 

Complex s t r u c t u r e s  behive i n  a coxplex way and 

S t r u c t u r a l  a n a l y s i s  with l a f g e  h igh  speed computers is  a re la t ive-  

l y  new d i s c i p l i n e ,  still  being dewloped  a t  a r ap id  pace. A s  a consequence, 

there i s  a shor tage  of s t r u c t u r a l  a n a l y s t s  whose a b i l i t y  a l l o x s  them t o  

take f u l l  advantage of t he  mo-ie advanced computer codes. 

ges ted ,  t he re fo re ,  t h a t  thz  computer prngrams must be made easjgr to use. 

It is o f t e n  sug- - 

(r i:..::::::: . . . . . . . 

1-1 



. . . . . . . 

. . . . . . . . ......- -... 

Unfortunately, t h e r e  is sometimes a c o n f l i c t  between t h e  demands f o r  e f f i -  

ciency and f o r  ease of use. 

vehic les ,  s h i p  s t r u c t u r e s ,  nuc lea r  power p l an t  components, t h e  s t r u c t u r a l  

a n a l y s i s  must be based on a mathematical model wi th  a l a r g e  number of 

degrees of freedom. 

s t r u c t u r e s  must be based on an  a n a l y s i s  of  t h e i r  t i m e  dependent, nonlinear 

response t o  t h e  loading s i t u a t i o n .  A s t ra ight forward  approach t o  problems 

of  t h i s  kind is  usua l ly  prohib i ted  by excessive cos t  f o r  computer t i m e .  

The a n a l y s t  must make many d i f f i c u l t  dec is ions  when forced t o  s a c r i f i c e  

some accuracy i n  t h e  € ina l  r e s u l t s  i n  order t o  s t a y  wi th in  budgetary 

l i m i t s .  

t h e  ana lys t  must be  q u i t e  f a m i l i a r  with t h e  b a s i c  theory of s t r u c t u r e s  so 

t h a t  he can select t h e  proper level of approximation i n  t h e  governing 

equations.  

h e  can dev i se  an  adequate mathematical model. 

i n  appl ied  mathematics so t h a t  h e  can choose an acceptab le  s o l u t i o n  pro- 

cedure when given opt ions  and avoid use of codes t h a t  do no t  inc lude  such 

a procedure. 

I n  many design app l i ca t ions  such as f l i g h t  

Often an adequate guarantee of t h e  i n t e g r i t y  of such 

I n  order  t o  make good use  of t h e  computer codes now a v a i l a b l e ,  

H e  must have a good f e e l i n g  f o r  s t r u c t u r a l  behavior so t h a t  

H e  must have a good background 

The ob jec t ive  of t h i s  volume is twofold. It serves  as a documenta- 

t i o n  of t h e  content of t h e  computer code. I n  add i t ion ,  t h e  volume summarizes 

i n  t h e  s i m p l e s t  poss ib l e  t e r m s ,  t h e  genera l  information about t h e o r i e s  and 

procedures which i t  is f e l t  t h a t  a good s t r u c t u r a l  ana lys t  should possess. 

The volume includes only material t h a t  is believed t o  b e  of importance t o  

t h e  user  of t h e  code. 

is  app l i cab le  i n  s t r u c t u r a l  s h e l l  a n a l y s i s  i n  a broader sense. 

d e t a i l s  of t h e  STAGS formulation pr imar i ly  serv ing  as documentation of t h e  

code are not  included. 

Although spec ia l i zed  f o r  t h e  STAGS user ,  t h e  volume 

Tedious 

Anyone who p lans  t o  make ex tens ive  use of  t h e  STAGS code i s  ad- 

v i sed  t o  acquaint himself w i th  t h e  conten t  of t h e  volume. 

important t h a t  t h e  use of t h e  code are due t o  approximations i n  theory 

o r  s o l u t i o n  procedures. Approximations involved i n  computations with 

t h e  STAGS code are summarized as follows: 

It is p a r t i c u l a r l y  

. .  &. .. . . ..... .... 
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(1) A s h e l l  o r  p l a t e  theory c o n s t i t u t e s  an approxiTgation which.re- 

duces the  s t r u c t u r a l  problem t o  dependence on two s p a t i a l  coor- 

d ina tes .  The sliell theory w e d  i n  STAGS is a f i r s t  order 

theory ( t r ansve r se  sIiear deformations are neglected). I n  

addi t ion ,  t h e  tIieory is  based on t h e  assumption t h a t  s t r a i n s  

are small and r o t a t i o n s  a remodera t e ly  l a rge .  That is, i f  

t h e  s o l u t i o n  shows r o t a t i o n s  l a r g e r  than, say 0.3 rad ians ,  

t h e  r e s u l t s  may b e  inaccurate.  Larger r o t a t i o n s  i n  a l imi t ed  

area, a Boundary l aye r ,  does not  genera l ly  prevent t h e  s o l u t i o n  

o u t s i d e  of t h i s  area from Tieing of acceptab le  accuracy. 

(2) The c o n s t i t u t i v e  r e l a t ions .  are accura te  f o r  s h e l l  w a l l  construc- 

t i o n s  t h a t  are homogeneous; In t h e  s p e c i a l  rou t ines  for computa- 

t i o n  of s h e l l  w a l l  s t iffnesses. ,  a homogeneous approximation i s  

used t o  represent  an inhomogeneous cons t ruc t ion  (smeared s t i f f e n -  

ers, corrugated skin).  

(3) The material behavior i n  t h e  inelastic range i s  complicated and no 

avaklable p l a s t i c i t y  theory t r u l y  r ep resen t s  t he  material behavior 

i n  a l l  s i t u a t i o n s .  

( E  < 0.1 o r  s o ) ,  s i n c e  i t  is based on engineering stress and 

s t r a i n .  

The p l a s t i c i t y  i s  r e s t r i c t e d  t o  small s t r a ins  

( 4 )  I f  some p a r t  o f  t h e  s t r u c t u r e  i s  defined as a beam o r  a s t i f f e n e r ,  

i t s  cross-section i s  assumed no t  t o  deform o r  warp. 

(.5 1 The d i s c r e t i z a t i o n ,  l o c a l  power series approximation of t h e  dis- 

placements, involves  a t runca t ion  e r r o r  (depending on t h e  g r i d  

s i z e ) .  

i ng  elements and sometimes i n  numerical i n t e g r a t i o n  with r e spec t  

t o  s p a t i a l  coordinates.  

Additional approximations are introduced i n  nonconform- 

(.a The numerical i n t e g r a t i o n  i n  t i m e  involves a t runca t ion  e r r o r  

(depending on t h e  time s t e p ) .  

..::. 
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The use of bifurcation buckling theory beyond its range of 

applicability is discussed i n  Section 5 of th i s  volume. 
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SUMMARE' OF' THE THEORY 

...... 

The response of a s t r u c t u r e  t o  i t s  environment is given by t h e  

s o l u t i o n  of t h e  d i f f e r e n t i a l  equations of motion. 

der ived  through cons ide ra t ion  of a s m a l l  cubic  element i n  a Car t e s i an  sys- 

These equations may be 

t e m  xl, x 2 ,  x 

of the element i n  t h e  x d i r e c t i o n ,  f o r  example, can be  w r i t t e n  

as shown i n  Figure 2.1. The equation governing t h e  motion 3 

1 

where (T r ep resen t s  t h e  normal stress, CY and CT t h e  shear  stresses as  

shown i n  F igure  2.1,  and F 
d i r e c t i o n  of body f o r c e s  and s u r f a c e  t r a c t i o n s .  The body f o r c e s  may, f o r  

example, be caused by g r a v i t a t i o n a l  f i e l d  and su r face  t r a c t i o n s ,  wkererer 

they occur,  are appl ied  f o r c e s  o r  r eac t ions .  

w i th  r e s p e c t  t o  t i m e ,  p is  t h e  mass d e n s i t y  of t h e  material, is  the  d i s -  

placement of t h e  element i n  t h e  x -d i r ec t ion ,  and dV is  t h e  volume of t h e  

element. 

11 1 2  1 3  
r ep resen t s  t h e  sum of the  components in  che x - 1 1 

A d o t  s i g n i f i e s  d e r i v a t i o n  

u1 

1 

By use  of the  c o n s t i t u t i v e  equations (Hooke's l a w  genera l ized  t o  

inc lude  a n i s e t r o p i c  m a t e r i a l s ) ,  t h e  stresses can be expressed i n  terms of 

s t r a i n s .  The kinematic r e l a t i o n s  g ive  i h e  s t r a i n s  as func t ions  of t he  d i s -  

placement components. By s u b s t i t u t i o n  of t h e  kinematic and c o n s t i t u t i v e  

r e l a t i o n s  i n t o  t h e  equations of motion, t h e  stresses and t h e  sfsrains ziiz E2 

e l imina ted  so t h a t  the  displzzement components r ep resen t  t h e  only unknoims 

i n  t h e  goversing dLffErent ia1  equations.  A more thorough d i scuss ion  of  

t h i s  t op ic ,  inc luding  d e f i n i t i o n s  of stress and s t r a i n ,  is given i n  Ref. 

2.1 (Chapter 33), f o r  example. This d i scuss ion  inc ludes  energy p r i n c i p 1 . e ~  

and the t ransfcrmat ions  of s t r a i n s  and stresses from one coord ina te  system 

to another.  The concepts of t r u e  s t r a i n  and t r u e  stress are d iscussed  i n  

Chapter 46 of t h e  same re ference .  However, i n  t h e  following, t h e  expres- 

s i o n s  stress and s t r a i n  r e f e r  t o  e n g k e e r i n g  stress and engineering s t r a i n  

......... , ........ ..... ......... ....... 
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Figure 2.1. S t r e s s e s  on Small Element . . . . . . ... . ~. . ... .. . .. ... 

2.1 The V a r i a t i o n a l  Approach 

For t h e  moment only e l a s t i c  deformation i s  considered and t h e  f o r c e  

v e c t o r  tF.1 is  t empmar i ly  disregarded. Then i t  can b e  s h m n  t h a t  t h e  state- 

ment represented bv E q s .  2 .1  i s  equiva len t  t o  t h e  requirement t h a t  t he  motion 

of t h e  s t r u c t u r e  between any two i n s t a n t s  of t i m e  t 

func t iona l  (U-K) d t  i s  a t  an extremum with r e spec t  t o  a l l  admissible 

var iz t ims where U is  t h e  s t r a i n  energy and R the  k i n e t i c  energy. A c i m i s s i -  

b l e  v a r i a t i o n s  are func t ions  t h a t  s a t i s f y  given c o n t i n u i t y  cond i t ions  and 

geometric Emndary cond i t ions  and are zero  at -11 p o i n t s  of t he  body a t  t he  

beginning aad t h e  end n f  tI?e t i m e  i n t e r v a l .  The equi1ihr:iwin eqmatisr~s can 

be derived f r o m t h e f i r s t  v a r i a t i o n  of t h e  energy f u n c t i o n a l  by use  of par- 

t i a l  i n t e g r a t i o n  wi th  r e s p e c t  t o  t i m e  as w e l l  as t o  t h e  space va r i ab le s .  

1 

and t, is  such t h a t  t h e  
0 - t 1 

t 0  

f-. . 
c. .. 

2-2 



pfz/f 
" . . . . . . . . -. . . . . .. . ..... 

I f  t h e  loading  i s  such t h a t  it can  be represented  by t h e  f i r s t  

v a r i a t i o n  of a s i n g l e  func t ion ,  then - t he  systenl - is conserva t ive  and t h e  

equi l ibr ium equations inc lud ing  body and su r face  f o r c e s  can be derived from 

t h e  f i r s t  v a r i a t i o n  of t h e  Lagrangian function. 

. . . . . . . . . 
... 

I 

where W r e p r e s e n t s  t h e  p o t e n t i a l  of t h e  f o r c e  system, i .e.,  t h e  nega t ive  

o f  the work done by these  f o r c e s  dur ing  t h e  t i m e  i n t e r v a l .  This is r e f e r r e d  

t o  as Ham*-lton's p r i n c i p l e .  The ques t ion  of what c o n s t i t u t e s  a Conservative 

f o r c e  system w i l l  be discussed i n  the  sequel.  

I f  t h e  motion of t h e  s t r u c t u r e  i s  s u f f i c i e n t l y  slow, t h e  k i n e t i c  

energy can be omitted. Then, under a conserva t ive  f o r c e  system, t h e  change 

i n  t o t a l  p o t e n t i a l  energy (U + W) i s  independent of t h e  pa th  by which t h e  

s t r u c t u r e  moves from one conf igura t ion  t o  another.  I n  the  s t a t i c  case, 

Hamilton's p r i n c i p l e  degenerates i n t o  t h e  p r i n c i p l e  of minimum p o t e n t i a l  

energy, i.e., 

6 ( U + W )  = 0 (2.3) 

This  p r i n c i p l e  can be  derived from t h e  p r i n c i p l e  of v i r t u a l  work (see Ref. 
2.1, Chapter 3) .  The admissible variatjons ( func t ions  of t h e  space varia- 

b l e s  only) are those  t h a t  s a t i s f y  con t inu i ty  cond i t ions  and geometric tound- 

a r y  condi t ions .  

Othzr energy theorems can be formulated (see, f o r  exzqle ,  R&f. 

2.2), Eiit have n o t  been used as a b a s i s  f o r  the  STAGS formulation and are 

n o t  discussed here.  

t i o n a l  method as  a b a s i s  f o r  a n a l y s i s  w i th  STAGS. 

systems are d iagona l ly  symmetric and only gFometric boundary cond i t ions  

(corresponding t o  displacement c o n s t r a i n t s )  need be enforced. 

Two major advantages j u s t i r y  t h e  choice  of t k s  varla- 

The  r e s u l t i n g  equat ion  

* 
/ 

. . . . . . .. . 
t: ':::::::.- . . . . . . . . . . . . . . . . . . .  2-3 



The disadvantage wi th  t h e  - Ja r i a t iona l  method i s  its r e s t r i c t i o n  

t o  conservative.systems. 

t h e  work done by t h e  f o r c e s  is. path-independect, t h a t  is ,  i t  depends on 

t h e  i n i t i a l  and f i n a l  conf igura t ions  only. 

f o r c e s  are those caused by a g r a v i t a t i o n a l  f i e l d .  On t h e  o the r  hsnd, i f  

t h e  f o r c e s  are dependent on t h e  deformation of t h e  s t r u c t u r e ,  t h e  system 

is nonconservative. Thus, a e r o e l a s t i c  problezs are noriconservative. R e f .  

2.3 con ta ins  a d i scuss ion  of t h e  conservatism of some s p e c i a l  f o r c e  systems. 

Typical of a conserva t ive  f o r c e  system is  t h a t  

An example of conserva t ive  

A h y d r o s t a t i c  p re s su re  load r o t a t e s  w i th  t h e  s t ruc tura l .  deforma- 

t i o n  s o  t h a t  t h e  f o r c e  OLI t h e  body always remains normal t'o t he  sur face .  

P res su re  loading  ("live load") t he re fo re  i s  not necessa r i ly  conservative.  

However, i t  has  long been recognized t h a t  i f  a uniform pressure  p acts on 

a closed body, t h e  work done by t h i s  p re s su re  i s  

w = pAV (2.4) 

where AV i s  t h e  change i n  volume of the body. For t h i s  case then , the  work 

done by t h e  p re s su re  is  path-independent and t h e  f o r c e  system is  conserva- 

tive. For p l a t e s  and s h e l l s ,  Ref. 2.4 extends considerably the  number of 

cases i n  which a l ive p res su re  load  .is cczservative. It i s  sc f f ' i c i en t  t o  

r e q u i r e  t h a t  t h e  p re s su re  i s  continuous and t h a t  e i ther  of t h e  following 

q u a n t i t i e s  i s  zero  a t  any po in t  oii t h e  boundary (of tile s h e l l  x p l a t e ) :  

1) The p res su re  F 

2) The la teral  displacement 

3) The scalar product of tfie dfsplacement vec to r  (u, v) 

and t h e  normal to'th; s h e l l  boundary i n  t h e  tangent 

plane. That is,. t h e  boundary p o i n t s  are r e s t r i c t e d  

from d,splacement i n  t h e  d i r e c t i o n  of the  ic-plane normal 

4- vn2= 0 (ses Figure 2.2). Unl 

I 

...... 
. . . . .. . . . . . . . . . . . . 
. .. 
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Figure 2.2. Ncrmal t o  the  S h e l l  Edge i n  t h e  Tangent Plane 

2.2 Cons t i tu t ive  Rela t ions  
i.. ..... _. ... 

For t h e  thrcz-dimensional continuum, t ke  c o n s t i t u t i v e  r e l a t i o m  

can be  written i n  the form 

pij] = [ c ]  [eij - CYT - 1 (2.5) 
ij J I 

where c is a t h r w  by th ree  mat r ix  and c1 r ep resen t s  cfie c o e f f i c i e n t  of ther-  

m a l  expansion, T the  t m p e r a t u r e  abcve ambient, and Cr 

of the  s t r a i n  componect. 

n 
t h e  i n e l a s t i c  p a r t  ij 

For an i s o t r o p i c  ma te r i a l  

I 

LI .... ........... ........ ........ 
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For s h e l l s  o r  p l a t e s  s p e c i a l  "two-dimensional" equations have 

been der ived  and use  of those  o f f e r s  improved computational e f f i c i ency .  

Because a l l  p o i n t s  of t h e  s h e l l  are c l o s e  t o  sone r e fe rence  su r face ,  an  

approximation is poss ib l e  i n  which t h e  displacement components a t  any 

p o i n t  of the s h e l l  are expressed i n  terns of displacements (and poss ib ly  

r o t a t i o n s )  a t  t h e  r e fe rence  sur face .  

t ive  equations are w r i t t e n  i n  t h e  form of stress r e s u l t a n t s  and 

moments as func t ions  of r e fe rence  su r face  s t r a i n s  and changes of 

curya t ur e. 

I n  a s h e l l  theory t h e  cons t i tu -  

w h r e  

..... The d e r i v a t i o n  of t h e  K mat r ix  i s  f u r t h e r  discussed i n  gection 3 .  

The STAGS formulation is based on enaineerine: s t r a i n .  
does not t ake  necking: Dhenomena i n t o  account and t h e  r e s u l t s  are v a l i d  

only as long: as t h e  s t r a i n s  are r e l a t i v e l y  small, say below t e n  per- 

cent.  

That is, i t  

I f  i n e l a s t i c  deformations are included, tkcconserva t i smof  t h e  sys- 

t e m  is l o s t ,  even i f  t h e  appl ied  loads  are conservative.  However, t h i s  prob- 

l k m  is r e a d i l y  circumvented. 

(Eq. 2.5) can be considered as loading terms. Notice t h a t  t h e  s t r a i n  energy 

car, be written 

Both thermal expans ims  and i n e l a s t i c  s t r a i n s  

f 

For t h e  purpose of s t r u c t u r a l  a c n l y s i s  t h e  m l y  d i f f e r e n c e  between - -  
P P 

cT and E i s  t h a t  a and T are independent parziaeters while E . .  depends on t h e  
i j  9 ,  1 J  

L.. . . .. .. . .... - 
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deformation pa t t e rn .  

d e f i n e  "pseudo-loads,'' and t h e  elastic problem corresponding to t h i s  

load  is conservative.  The va lues  of t h e  p l a s t i c  s t r a i n s  can then be  

success ive ly  improved and i f  convergence is obtained, t h e  nonconserva- 

t ive problem is solved by cons idera t ion  of a series of conservative 

problems. 

Hswever, estimated va lues  of t h e  p l a s t i c  strain 

The choice of p l a s t i c i t y  theory is discussed i n  Sec t ion  4. 

2.3 Kinematic Rela t ions  

The kinematic r e l a t i o n s  f o r  t h e  three-dimensional continuum are 

simply given by 

'ij = sui' axj (2.10) 

where t h e  E . .  are t h e  s i x  (note  symmetry) components of s t r a i n .  Nonlinear 

terms caused by r o t a t i o n s  need genera l ly  not be included i n  t h e  range of 

small s t r a i n s .  I n  t h e  case of s h e l l  s t r u c t u r e s ,  a s i g n i f i c a n t  reduct ion  i n  

t h e  amount of computations i s  achieved s i n c e  t h e  equations can be expressed 

i n  t e r m s  of two space va r i ab le s .  However, t h i s  reduct ion  is not unique and 

t h e  t o p i c  has  been sub jec t  t o  much controversy. 

r e l a t i o n s  f o r  a f l a t  p l a t e  are considered (or i n  f l a t  elements approximating 

a s h e l l ) .  

1J 

H e r e  only t h e  kinematic 

The th inness  of t h e  s h e l l  makes poss ib l e  t h e  reduct ion  of t h e  prob- 

l e m  t o  one with two space var iab les .  

t he  r o t a t i o n s  of s t r u c t u r a l  elements can be q u i t e  l a r g e  even i n  t h e  range of  

s m a l l  strains. Consequently, geometric n o n l i n e a r i t i e s  are o f t e n  important 

i n  t h i n  s h e l l  ana lys i s .  

On t h e  o t h e r  hand, f o r  a t h i n  s h e l l  

I n  de r iva t ion  of t h e  nonl inear  kinematic r e l a t i o n ,  a l i n e  element 

of l eng th  dx is considered t h a t  i s  i n i t i a l l y  p a r a l l e l  t o  t h e  x-axis and 

lacer d isp laced  and deformed as shown i n  Figure 2.3. 

t h e  l eng th  of  t h e  element i s  ds* and i t s  left-end po in t  is given by t h e  

coord ina te  va lues  x*, z*.  The displacements are denoted by u and w and 

t h e  r o t a t i o n  by 8. Hence 

Af te r  t h e  deformation, 

2- 7 
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X* = x + u , x *  = z + w  
and ..... 

I .. ...... . .. 
.. dx* = dx (1+ u , ~ ) ,  dz* = dx w, 

X 
From Fig. 2.3 

2 2 = (ax*) i (dz*) 

It follows from Eqs. (2.12) and (2.13) t h a t  

The d e f i n i t i o n  of t h e  s t r a i n  

e = (ds* - dx)!dx 
X 

can be rearranged i n t o  t h e  form 

(2.11) 

(2 12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

S u b s t i t u t i o n  of Eq. (2 .14)  i n t o E q .  (2.16) and t h e  assumption t h a t  t h e  s t r a i n  

is small so t h a t  1/2 2 can be dropped i n  compar-lssn t o  cX, l e a d s  t o  

(2.17) 2 
e =  u, + 1 /2  (u,x I- w, 2 >  

X X X 

It can be shown t h a t  t h i s  express ion  yieli% zero s t r a i n  f o r  a r i g i d  body d i s -  

placement. 

s u f f i c i e n t  t o  show t h a t  no s t r a i n  i s  obtained jf t he  l i n e  d e m e n t  r o t a t e s  

about 5 . t ~  i e f t  end. I n  t h a t  case 

A pure t r a n s l a t i o n  w i l l  obviously no t  r e s u l t  i n  s t r a i n  SD i t  is 

1 W = x sin C ,  u = -x*{l - cos pi) 

= -?+cos 8 i 
X 

= sin 8 ,  u, 
X ws 

T 

(2.18) 

. . .. . ... . . . . . .. . . . 
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That is from Eq. (2.17) 

- - u, + 1 /2  [(u,xl 2 + (w,x)2] = -1 + c o s  8 
EX X 

(2.19) 

For t h e  case of s m a l l  s t r a i n s ,  Equation (2.17) g ives  zero s t r a i n  under pure 

r o t a t i o n  of a n  element, independently of t he  s i z e  of t h e  r o t a t i o n .  

For f l a t  p l a t e s ,  t h e  lice segment may have one component of ro t a -  

t i o n  i n  t h e  p l ane  of t h e  p l a t e  and one i n  the  normal plane t h a t  conta ins  

t h e  segment. Consequently. 

f 1 / 2  (u, 2 + w,; + f12> 
u,X X 

E =  
X 

(2.20) 

where 8, as i n  Sander 's  (Ref. 2.4), s h e l l  equations r ep resen t s  a r o t a t i o n  

about t h e  normal. However, d i f f e r e n t l y  o r i en ted  l i n e  segntents through t h e  

same po in t  may r o t a t e  through diff-erent angles .  I n  ail orthogonal 

system t h e  d i f f e r e n c e  between t h e  i o i a t i o n s  of t h e  two coord ina te  l i n e s  repre-  

s e n t s  t h e  shea r  s t r a i n .  I f  8 r ep resen t s  an " a v e r ~ g e "  r o t a t i o n ,  we have 

and (2.21) 

8 = 1 / 2  (u,y - v, 1. 
X 

The s t r a i n  i n  t h e  x-d i rec t ion  obviously depends on in-plane r o t a t i o n  of a 

l i n e  segment i n  t h e  x-direction. 

Consequently, we have 

E =  u 4- 1 / 2  (u,x 2 + v, 2 + w a x  2 1 
X X Kr 

and 
2 2 2 

E =  v, + 1/2 (v, 4- u, + W I Y  ) 
Y Y Y Y c 

(2.22) 

.... 
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2.4 Approximations and Spec ia l  Procedures 

The nonl inear  equat ions  of yo t ion  govern the  s t r u c t u r a l  behavior. 

These equat ions  can usua l ly  n o t  be solved a n a l y t i c a l l y  but  numerical methods 

are appl ied  so t h a t  a system with a f i n i t e  number of degrees of freedom is 

obtained. Such a reduct ion  t o  a f i n i t e  number of degrees of freedom (dis- 

c r e t i z a t i o n )  i s  disctlssed i n  Sec t ion  6. 

reduced system answers a l l  ques t ions  about t h e  behavior of t h e  s t r u c t u r e  in- 

c luding  those  of s t a t i c  o r  dynamic i n s t a b i l i t y .  

p o s s i b l e  t o  ob ta in  s a t i s f a c t o r y  r e s u l t s  €or  s p e c i a l  purposes by in t roduc t ion  

of c e r t a i n  approximations. Conszquently, s t r u c t u r a l  a n a l y s i s  u sua l ly  c o n s i s t s  

of t h e  a p p l i c a t i o n  of one o r  more of a nuinber of s p e c i a l  procedures t h a t  are 

based on some s i n ; p l i f i c a t i o n  of the  governing equations.  

these procedures ( s t a b i l i t y ,  v i b r a t i o n s ,  etc.) have been considered as  sep- 

arate d i s c i p l i n e s  having l i t t l e  t o  do wi th  one another.  

computer kias opened more opt ions  t o  t h e  a n a l y s t  and i n  order  t o  make t h e  

b e s t  p o s s i b l e  use  nf a v a i l a b l e  computer programs, he needs a good under- 

s tanding  of t h e  theory and of t h e  r e l a t i o n s  between t h e  d i f f e r e n t  tyy.Cs of 

ana lys i s .  

In t eg ra t ion  of che equations f o r  t h e  

However, i t  i s  f r equen t ly  

Trad i t iona l ly ,  

The high-speed 

These r e l a t i o n s  are i l l u s t r a t e d  i n  a block diagram i n  F igure  2.4. 
*.. . . . . . . . . . . . . . 

The b a s i c  equ:tfGiis of motion f o r  a d i s c r e t i z e d  systemmay be 

w r i t t e n  i n  t h e  fcrm 

M ti + D ( b )  + B (u) + K (u) 
u u - - F 

u 
(2.23) 

where 2 is  t h e  vec tn r  of displacement components, M is the m a s s  mat r ix ,  

is a vec to r  of ex terna l  f o r c e s ,  =nd K the gene ra l ly  nonl inear  s t i f f n e s s  

opera tor .  

s t r u c t u r a l  deformation and deformation v e l o c i t y ,  r e spec t ive ly .  

The o p e r a t s r s  B and D i nc lude  f o r c e s  t h a t  are func t ions  cf 

Clear ly ,  i f  i o sds  va ry  slowly, a l l  t i m e  d e r i v a t i v e s  of d i sp lace-  

ment components may be disregarded and a s ta t ic  anaiys.is is s u f f i c i e n t .  

t h a t  is t h e  case and i f  t h e  system i s  conserva t ive ,  the next ques t ion  i s  

I f  

whether nonl inear  terms should be r e t a ined .  

s t r a i n t s ,  t h e  l izcar s ta t ic  stress a n a l y s i s  

monly used mode o€ ana lys i s .  
t '  
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If geometrical  n o n l i n e a r i t i e s  must be accounted f o r ,  it is possi-  

ble t o  ob ta in  l i m i t e d ,  bu t  sometimes s u f f i c i e n t ,  information about t h e i r  .... ...... 
V '  I: .... . ... . ......... , .. . . . . . . ._ . . . . . 

... . . . . . . . 

e f f e c t  Gl thout  a c t u a l l y  so lv ing  t h e  nonl inear  equations.  

technique then i s  used,  i n  which 

A per tu rba t ion  

U - x u  t l u  
"0 -1 (2.24) 

is  s u b s t i t u t e d  i n t o  t h e  nonl inear  equations.  

of the b a s i c  equations a f t e r  on i s s ion  of nonl izear  t e r m s  and A is a load para- 

m e t e r  t o  be determined. The pe r tu rba t ion  u is assumed t o  be small so t h a t  

h igher  o rde r  terms i n  u can be discarded. I n  a d d i t i o n ,  a l l  terms t h a t  do 

n o t  con ta in  u can be  sub t r ac t ed  o u t  by v i r t u e  of the  fact  t h a t  u r e p r e s e n t s  -1 -0 
an equi l ibr ium conf igura t ion .  Hence, t he  equatiou system is  homogeneous i n  

IIJ. The so-called b i f u r c a t i o n  buckling load is  represented  by t h e  va lue  o f  

X t h a t  a l lows  n o n t r i v i a l  s o l u t i o n s  t o  t h i s  homogeneous equation system. I f  

the p r e c r i t i c a l  behavior i s  t r u l y  l i n e a r ,  t he  va lue  of X so computed repre- 

s e n t s  a b i f u r c a t i o n  i n  t h e  load  displacement diagram. 

Here u r ep resen t s  t h e  s o l u t i o n  
-0 

"1 
-1 

The b i f u r c a t i o n  buck- 

l i n g  a n a l y s i s  can o f t e n  be used as a n  approxiza t ion  a l s o  f o r  cases wi th  non- 

l i n e a r  precr i t ical  behavior. For c e r t a i n  types of s t r u c t u r e s ,  such as s h e l l s  

of r evo lu t ion ,  i t  i s  sometines p r a c t i c a l  t o  cons ider  b i f u r c a t i o n  from a non- 

liliear prebuckling path.  

Except f o r  t h e  case of t h e  pure ly  d i s s i p a t i v e  systems inc luding  

s t r u c t u r a l  damping o r  i n e l a a t l c  deformation discussed above, STAGS has  not 

been adopted f o r  s o l u t i o n  of nonconservative problems btit otherwise it in- 

c ludes  a l l  t h e  a n a i y s i s  procedures i n  gene ra l  use .  

type of a n a l y s i s  represented i n  t h e  f i g u r e  i s  included i n  STAGS except 

those  marked wi th  a star. 

This means t h a t  any 

c 
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CONSTITUTIVE RELATIONS (ELASTIC) 

.......... ........ 

The c o n s t i t u t i v e  r e l a t i o n s  de f ine  t h e  s t i f f n e s s  of t h e  material, 

i .e.,  they  express  stresses i n  terms of straim. 

Sec t ion  2. The d i scuss ion  he re  w i l l  be r e s t r i c t e d  t o  t h e  r e l a t i o n s  between 

e l a s t i c  s t r a i n  and stress. 

t i c  s t r a i n  and the thermal expansion have been subt rac ted  from the  t o t a l  

They were introduced i n  

The e las t ic  s t r a i n  i s  obtained a f t e r  t h e  plas- 

' s t r a i n .  S t r a i n s  due t o  c reep  are no t  i n c l u d e d i n  STAGS. The method by 

which t h e  p l a s t i c  s t r a i n  components are determined is  d iscussed  i n  Sec- 

t i o n  4. 

The s p e c i a l  form of the  c o n s t i t u t i v e  equat lons  used i n  s h e l l  

a n a l y s i s  g ives  stress r e s u l t a n t s  and moments i n  terms of elastic s t r a i n  

components and changes of cu rva tu re  a t  a r e fe rence  sur face .  

are given wi th  respect t o  t h e  r e fe rence  su r face ,  no t  n e c e s s a r i l y  t h e  neu- 

t ra l  sur face .  

assumption t h a t  any po in t  of t h e  s h e l l  is c l o s e  t o  the  r e fe rence  sur face .  

Therefore,  i t  is p r a c t i c a l  t o  d e f i n e  a r e fe rence  s u r f a c e  c l u s e  t o  t h e  neu- 

t ra l  sur f  ace. 

The moments 

Approximations i n  s h e l l  o r  p l a t e  theory  are based on t h e  

This  s e c t i o n  is r e s t r i c t e d  t o  a d iscuss ion  of t he  form of the  

c o n s t i t u t i v e  equations t h a t  i s  used i n  the theory of deformation of s h e l l s  

and p l a t e s .  The s h e l l  w a l l  s t i f f n e s s  matrix 5 re lates  t h e  stress r e s u l t -  

a n t s  and moments t o  t h e  s t r a i n s  and changes of curva ture  

r 
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Unless t h e  r e fe rence  surface coinc ides  w i t 5  t h e  n e u t r a l  sur- 

f a c e ?  t h e r e  w i l l  be terms i n  t h e  C mAtrix represent ing  the  coupling be- 

tween membrane and bending ac t ion .  

Even i f  nonorthogonal s x f a c e  coord ina tes  are used i n  STAGS, t h e  

s t i f f n e s s  ma t r ix  is  formed i n  a set of orthogonal coordinates.  

ments  of t h e  mat r ix  are ( i n t e r n a l l y  t o  t h e  computer code) transformed i n t o  

t h e  system of su r face  coord ina tes  on which the  s h e l l  equations a r e  based. 

The ele- 

Generally, t h e  elements of t he  C matr ix  are obtained through i n t e -  

g r a t i o n  of t h e  e las t ic  cons t an t s  f o r  t he  naterial through the  th ickness  of 

t k c  she11 w a l l .  

c =  

where C i s  a 3x3 symmetric matrix. 
0 

c =  
0 E12 

E13 

E12 

E 22 

E23 

(3.2) 

(3.3) 

2 For a n  * iso t ropic  m a t e r i a l  E = E2j = 0 ,  Ell = E22 = E/( l -y  ), 1 3  

g r a t i n n  according t o  Eq. (3.2) l e a d s  t o  

E12 - - uEI1 and G = E/[2(1+u)], For th 'e i so t ropiL lnonocoque s h e l l ,  i n t e -  

cll - - c22 = Et/ (1--v2) 

c12 = vcll 
c33 = [(1-v)/2]  L' 

= (irL/12) CI1 c44 = c55 - 
c45 = vc 

= [ ( l -V) /21 c44 
Otkerwise Cij - 2  

d l  

44 

- '66 

(3.4) 
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The C matrix is r e a d i l y  obtained through t h e  i n t e g r a t i o n  ind ica t ed  i n  

Eq. (3.2) a l s o  f o r  s h e l l  w a l l s  wi th  p r o p e r t i e s  t h a t  vary  through t h e  

th ickness  i n  a continuous f a sh ion  (thermal degradation) o r  d i scont inu-  

ous ly  (layered s h e l l s ) .  

The s h e l l  theory is based on t h e  assumption t h a t  t h e  s h e l l  w a l l  

is homogeneous, i.e., t h e  material and geometric p r o p e r t i e s  are slowly 

varying. 

proximate t h e  behavior of heterogeneous s h e l l  w a l l s ,  such a s  a s k i n  wi th  

c l o s e l y  spaced r i b s ,  by the  use of a n  equivalent an i so t rop ic  (or ortho- 

t r o p l c )  sk in .  

equ iva len t .  

one smooth s k i n  r i v e t e d  o r  bonded toge ther ,  t he  t o r s i o n a l  s t i f f n e s s  i n  t h e  

axial  d i r e c t i o n  is r e l a t i v e l y  l a r g e  as t h e  torque is  c a r r i e d  by closed 

sec t ions .  However, t h e  twist of t h e  s h e l l  w a l l  varies with tfrc s h c l l  

coord ina tes ,  and t h e r e f o r e  t h e  c losed  s e c t i o n s  are sub jec t  t o  3eformation 

of t h e  c r o s s  sec t ion .  This r e s u l t s  i n  a reduct ion  of the  t o r s i o n a l  s t i f f -  

n e s s  t h a t  i s  dependent of t h e  deformation p a t t e r n  and cannot be estimated 
a p r i o r i .  For deformation i n t o  a s h o r t  wave p a t t e r n ,  t h e  t o r s i o n a l  s t i f f -  

nes s  is  seve re ly  reduced, bu t  i n  a l o n g  wave p a t t e r n  (of buckling, f o r  ex- 

ample) it may be poss ib l e  t o  use t h e  closed s e c t i o n  s t i f fno - s s  without re- 
duction. 

i n  more d e t a i l  i n  Refere ice  3.1. 

However, i t  i s  poss ib l e  and i t  has l cng  been c u s t o m r y  t o  ap- - 

It is n o t  always p o s s i b l e  t o  f i n d  a s h e l l  w a l l  t h a t  i s  t r u l y  

For example, i n  a s h e l l  wa l l  compased of one corrugated and 

The use  of an  equivaleiir s h e l l  w a l l  approxination 2 s  discussed 

I n  t h e  following, a s i q l e  example i s  given f o r  dczons t r a t ion  of 

t h e  p r i n c i p l e s  i nvo lved- in  d e r i v a t i o n  of the  p r o p e r t i e s  of an equiva len t  

s h e l l  w a l l .  Subsequently, t h e  va lues  of the elements of t h e  C matrix a r e  

l i s t e d  f o r  t h e  types  of s k d l  p?al-ls t hac  h w e  heen included as s tandards  

i n  STAGS. 

It is sometimes p r a c t i c a l  t o  base t h e  d e r i v a t i o n  of t h e  C ma t r ix  

on a n  expression f o r  t h e  s t r a i n  ezergy d e n s i t y  of t h e  deformed s h e l l .  ?lie 

s t r a i n  energy U is  expressed i n  terms of S t r a i n s  and chailges of curva ture  
I 

U = U(qi)  i -5 1 through 6 ( 3 . 5 )  
- 

. .. 
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where 

.... 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

X’ hi) = < t: 

If an  expression f o r  

is ava i l ab le ,  the  c o e f f i c i e n t s  

t h e  dens i ty  of s t r a i n  energy i n  terms of 2 

of t h e  C mat r ix  are obtained from 

As an example t h e  elements of the C matr ix  are derived f o r  an 

i s o t r o p i c  s k i n  with a set of c l o s e l y  spaced s t i f f e n e r s  of rec tangular  

c r o s s  sec t ion .  

geneous shel l .  w a l l ,  the  cont r ibu t ion  of t h e  s t r i n g e r  t o  t h e  s h e l l  w a l l  is  

uniformly d l s t r ibu ted .  

t o  as “smeared s t i f f e n e r s . ”  

s t i f f n e s s  and :he r e s i s t a n c e  t o  a change i n  geodesic curva ture  of t he  l i n e  

of attachment t o  t h e  s h e l l  may be omitted. The c l a s s i f i c a t i o n  of a s t ruc-  

t u r a l  component as a s t i f f e n e r  impljes  t h a t  a l l  e f f e c t s  of warprag and 

c r o s s  sec t ion  deformation are neglected.  

A s  t he  sk in  s t r i n g e r  combination i s  replaced by a homo- 

S t i f f e n e r s  handled i n  t h i s  w2y are usua l ly  r e fe r r ed  

For s impl i c i ty  i t  i s  assumed t h a t  the  t o r s i o n a l  

Consequently 
. .. . . . . ...... 

E r- “ + T 1 4 Z  i n  skin znd s t r i n g e r  
X 

[‘3 ‘6 i n  sk in  
Y =  

( i r r e l e v a n t  i n  s t r i n g e r  

The geometric p rope r t i e s  of t he  sk in  s t z l z g e r  combination a r e  

The s t r a i n  energy per  u n i t  area of t h e  s h e l l  wal l  is shown i n  Figure 3.1. 

J V 
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.... ...... 

Figure 3.1 She l l  Wall wi th  S t i f f e n e r  

By use of the  s t i f f n e s s  inatrix C f o r  an i s o t r o p i c  material, t he  

Af te r  i n t e g r a t i o n  through 
0 

stresses are expressed i n  terms of t h e  s t r a i n s .  

t h e  thickness ,  t he  con t r ibu t ion  from the sk in  i s  

S i E i l a r l y  t h e  con t r ibu t ion  from the  s t r i n g e r  i s  

2 %TR - Eb 2d [hl 1 t (h t ht) TIT4 

(3.9) 

(3.10) 

. . .  f: . ~. .. .~:, ....... 
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or w i t h  
... .... 

5: .I.:. . .. . . . . . . . . . . . . . . . . . . . . ...... A = bh = s t r i n g e r  area 

I = bh3/12 = s t r i n g e r  moment of i n e r t i a  

e = (h 3- t ) / 2  = s t r i n g e r  e c r e n t r i c i t y  

. . .. . . .. . . . . . . . 

(3.11) ‘STR = E 2d [TA ‘ql 2 t 2AeT1q4 + (1 Ae2) 94 “1  
By u s e  of Eq. (3.5) 

- Et EA - -  
2 + d  

1 - v  5 1  

- vEt 

1 - v  
- -  

2 c12 

E(I t Ae2) 
d - Et3 t 2 c44 - 129 - v ) 

3 - vEt 
2 c45 - l Z ( 1  - v ) 

- Et - -  
2 

1 - v  c22 

- Et - 
‘33 2(1 + v) 

(3.12) 

- Et3 
2 

12(1 - V ) c55 - 

3 - Et - 
‘ 6 6  24(1 t V)  

For t h e  s tandard  types of  s h e l l  walls t h e  p o s i t i o n  of t h e  r e fe rence  s u r f a c e  

is ind ica i ed  i n  t h e  User’s I n s t r u c t i o n s  (Volume 2). I f  t h e  use r  dec ides  tc 
u s e  another  r e fe rence  su r face ,  he  s p e c i f i e s  a s h e l l  w a l l  e c c e n t r i c i t y .  The 

p r o p e r t i e s  are then ad jus t ed  i n  t h c  computer program. For example, cor res -  

ponding t o  ail eccent r ic i t j7  c f  Z on t h e  d a t a  card,  t h e  adjustments of C I 4  and 

C44 are 

‘14 = ‘14 4- ‘11 
(3.13) . I  

2 - p - C14/C11 4- z2 Cll c44 - “44 
7! 
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Sect ion  4 

THE THEORY OF PUSTICITY 

The phys ica l  aspects of t he  s t r eng th  of materials, i n  p a r t i c u l a r  

f o r  p o l y c r y s t a l l i n e  materials, have been s tudied  by t h e  p h y s i c i s t s  f o r  t h e  

last  s i x t y  yea r s  o r  so. 

bonds makes i t  poss ib l e  t o  compute wi th  relative accuracy t h e  elastlc - modulii  

of metallic materials. I n  elastic deformation the  bonds are s t r a i n e d .  Plas- 
t i c  deformation i s  a much more complicated phenomenon because i t  inc ludes  t h e  

breaking of atomic bozds and t h e  forming of neb* o m s .  

t o  break t h e  bonds depend on the  e x i s t i c g  d e f e c t s  i n  t h e  atomic l a t c i c e .  Due 

t o  extremely complicated i n t e r a c t i o n s  between d i s l o c a t i o n s ,  g r a i n  boundaries, 

i m p u r i t i e s ,  etc. ,  i t  does no t  seem l i k e l y  t h a t  a pure ly  p h y s k z l  theory of 

p l a s t i c i t y  can be developed f o r  use  i n  engineering ana lys i s .  

Tine knowledge of the  a t m i c  s t r u c t u r e  and atomic. 

The f o r c e s  necessary  

Ins tead ,  phenomeLiolsgica1 t h e o r i e s  based on measurements on t h e  

macroscopic scale c o n s t i t u t e  t he  backbone of t he  p r a c t i c a l  p l a s t i c i t y  anatp- 

sis. Deriva t ion  of such a theory i s  s t i l l  d i f f i c u l t  became some v a r i a b l e s  

de f in ing  t h e  state of t h e  material, such as d i s t r i b u t i o n  cf atomic d is loca-  

t i o n s  and conf igu ra t ion  of micrustresses, are no t  measured aud not  included 

i n  t h e  a n a l y s i s .  The p l a s t i c i t y  theory expressed i n  t e r m s  GT t h e  remaining 

parameters of s ta te  t h e r e f o r e  becomes h i s t o r y  dc7cndent. 

. 

A phenomenological theory of p l a s t i c i t y  i s  a procedure by which a 

set of c o n s t i t u t i v e  e q u a t i m s  i n  t h e  m u l t i a x i a l  space can be derived from 

experimental  r e s u l t s ,  u s u a l l 3  G ~ I  miaxial  test speciinens. The classical 

theory  of p l a s t i c i t y  w a s  developed dirring %he f i r s t  seventy yea r s  o r  so  of 

r e sea rch  i n  t h e  area. 

This  s e c t i o n  contpine Y k i e f  d i scuss ion  of t h i s  dey.relopment. In- 

c lud ing  a review of i t s  shortcomings. A few more rrcerit t h e o r i e s  t h a t  have 

been developed wi th  t h e  purpose of overcoming these  d i f f i c u l t i e s  are a l s o  

presented. The s ta te  of t h e  a r t  i n  p l c z t i c i t y  a n a l y s i s  is summerizcd, and 

t h e  reason f o r  t h e  choice of p l a s t i c i t y  t h e o r i e s  f o r  STAGS i s  explained. A 

more comprehensive summary of t he  s ta te  of t he  a r t  is a v c i l a b l e  i n  Ref,  4.1. 
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4.1 Classical P l a s t i c i t y  Theory 

_. . . . . . . 
i::::::::. p;.{;; 
.. . . . . . . ..... E f f o r t s  t o  d e f i n e  t h e  r e l a t i o n s  between stress and s t ra in  i n  t h e  

p l a s t i c  range begin wi th  t rea tments  by Tresca (18681, Sant-Venant '(18701, 
and L e v i  (1871). The i d e a s  f i r s t  proposed by these  p ioneers  were furgher  

developed by von Karman and Haar (1909), von Mises (19131, and o the r s ,  re- 

s u l t l n g  i n  a n a l y s i s  procedures which we r e f e r  t o  as t h e  c l a s s i c a l  p l a s t i e -  

i t y  theor ies .  

The b a s i c  elements deployed i n  the  d e f i n i t i o n  of t h e  classical 

p l a s t i c i t y  theory are: 

0 An i n i t i a l  y i e l d  su r face ,  bounding t h e  p a r t  of t h e  s t r e s s  

space wi th in  which deformation i s  pure ly  e l a s t i c .  

0 A flow l a w ,  i n d i c a t i n g  t h e  "d i r ec t ion  of p l a s t i c  deforma- 

ti.on," i.e.,  t h e  r a t i o s  between t h e  p l a s t i c  s t r a b  com- 

ponents. 

0 A hardening r u l e ,  spec i fy ing  the  modi f ica t ion  of t h e  y i e l d  

s u r f a c e  i n  the  course of p l a s t i c  deformation. 

A p l a s t i c  modulus or  hzrdening modulus, i.e., t h e  r a t i o  be- 

tweer .  increments i n  " e f f e c t i v e  stress" And " e f f e c t i v e  p l a s t i c  

s t r a i n . "  I n  t h e  classical approach, t h i s  r a t i o  i s  assumed t o  

be  independent of loading d i r e c t i o n .  

The classical  theory was developed s t e p  by s t e p  as  experimental 

d a t a  became a v a i l a b l e .  

cond i t ions  f o r  i n i t i a l  y i e ld .  

y i e l d  begins wher, the maximum shear  stress reaches  a cr i t ical  1 ~ ~ 1 .  

w a s  a l s p  not lced  t h a t  t h e  p l a s t i c  f l o u  under pure hydros t a t i c  p re s su re  is  

n e g l i g i b l e .  

and the  suggestion by vnrl Mises and o t h e r s  t h a t  t h e  iIzitial y i e l d  l i m i t  

would be defined by the  second i n v a r i a n t  of t h e s e  components. 

Ear ly  e f f o r t s  were d w o t e d  t z  e s t a b l i s h m n t  of t he  

Tresca's experiments led him t o  conclude t h a t  

It 

This l ed  t o  t h e  d e f i n i t i o n  of t h e  d e v i a t o r i c  stress components 

. . .  
t:::::::::: . . . . . . . . . 
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Many experiments w e r e  performed with t h e  purpose of dec id ing  which 

of these  two y i e l d  cri teria would most accu ra t e ly  r e f l e c t  t h e  behavior of 

real materials. 

d i f f i c u l t  to  detennjne t h e  po in t  of y i e l d  even with the  soph i s t i ca t ed  equip- 

ment t h a t  i s  a v a i l a b l e  today. 

f a i l e d  t o  g i v e  a clear i n d i c a t i o n  i n  any d i r e c t i o n ,  although i t  appears t h a t  

t h e  von Mises theory would be the  more accura te .  The d iscuss ions  i n  t h e  

following w i l l  be based on t h e  assumption t h a t  i n i t i a l  y i e l d  is  determined 

by von X i s e s '  c r i t e r i o n .  

For most materials y i e l d i n g  begins gradually,  and i t  is 

Therefore,  very  c a r e f u l l y  executed experiments 

Following Saint-Venant, von Mises assumed t h a t  increments i n  t h e  

components of p l a s t i c  s t r a i n  are p ropor t iona l  t o  t h e  camponents of t h e  devia- 

t o r i c  stress. This flow r u l e  is i d e n t i c a l  t o  t h e  c r i t e r i o n  t h a t  a small in-  

crement i n  p l a s t i c  s t r a i n  i s  normal t o  t h e  y i e ld  si irface and i s  usua l ly  re- 

f e r r e d  t o  as t h e  normality condition. 

a t i o n  t akes  p l a c e  without char,ge i n  volume, which i s  i n  agreement wi th  experi-  

=ental observation. Later Drucker (1954) j u s t i f i e d  t h e  normality cond i t ion  on 

t h e  b a s i s  of energy cons idera t ion .  Experimental support  f o r  t h e  flow r u l e  w a s  

provided by Lode i n  Reference 4.2. The work by von Mises w a s  continued by 

P r a n d t l  (1927) and Reuss (193Q) through inc lus ion  of t h e  elastic components of 

s t i d i n .  

r ep resen t  a n  acceF:able set of c o n s t i t u t i v e  equations.  

materials t h e  de f iml t ions  of the  hardening l a w s  and t h e  hardening modulus pre- 

sect problems. 

Also,  i t  impl i e s  t h a t  p l a s t i c  deform- 

For materials wiihout s t r a i n  hardening the Prandtl-Reuss equations 

For s t r a i n  hardening 

A u n i a x i a i  t ens ion  test wi th  unloading followed by re loading  exhi- 

bits t h e  L y p  of behavior i nd ica t ed  by t h e  s o l i d  curve i n  F igure  4.1. 
q p e a r s  reasonable  t o  assume t h a t  unloading 2s w e l l  as re loading  up t o  t h e  

p o i n t  of prev ious  maximum stress tzkcc p lace  accor-ding t o  the  elastic law 

and t h a t  unloading has no e f f e c t  on t h e  s t r e s s - s t r a i n  r e l a t i o n s  on contin- 

ucc! loading  beyond t h e  previous maximum. 

It 

With th i s  i d e a l i z e d  behavior on imloading and re loading ,  t h e  y i e l d  

s u r f a c z  mst always pass  thrctugh the ?o in t  of previous max imum e f f e c t i v e  

..... . .. ._ . .  .. . . . . . ....... - .... 4-3 



r TENSION 

I.. ........ ........... 

PLASTIC STRAIN 

Figure 4.1. Typical S t ress -St ra in  Rela t ions  

stress. Consequently, t h e  y i e l d  s u r f a c e  i s  con t inua l ly  changing during t h e  

p l a s t i c  deformation. 

condi t ion  s i n c e  i t  must t ake  on a cons t an t  va lue  on t h e  i n i t i a l  y i e ld  sur face .  

The choice of the  second i n v a r i a n t  of t h e  d e v i a t o r i c  stress components as a 

measure of rhe e f f e c t i v e  stress I s  c o n s i s t e n t  wi th  t h e  von Mises condi t ion  

f o r  i n i t i a l  y i e ld .  

stress is  inc reas ing  and unloading corresponds t o  a decrease  i n  i t s  value.  

A nath  i n  t h e  stress space corresponding t o  a cons tan t  va lue  of t h e  second 

i n v a r i a t  is ca l l ed  neuEral loading. 

The e f f e c t i v e  stress is  i m p l i c i t l y  defined by the  y i e l d  

Loading takes  p l ace  whenever the value of the e f f e c t i v e  

The broken curve i n  F igurc  4.1 shows a t y p i c a l  r e l a t i o n  between 

8treFs and straic on stress r e v e r s a l  after loading i n  the  p l a s t i c  range. It 

i s  not iced  t h a t  a f t e r  a s u f f i c i e n t l y  5cep reversed  pene t r a t ion  i n t o  the  p l a s -  

+ j c  range the  s o l i d  and broken curves  coincide,  i .e. ,  t h e  stress as  a func t ion  

of  t h e  t o t a l  p l a s t i c  s t r a i n  i s  icdependent of t h e  d i r e c t i o n  of t h e  p l a s t r c  

LAO?-?. This  l eads  t o  t h e  conclusion t h a t  the  e f f e c t i v e  p l a s t i c  s t r a i n  nus+ be 

expressed a s  an  i n t e g r a l  of some func t ion  of t h e  p l a s t i c  s t r a i n  incremer!ts. 

i n  view of t h e  f a c t  t h a t  p l a s t i c  deformation t akes  p lace  without change i n  

volume, i t  appears i o g i c d .  t o  d e f i n e  t h e  e f f e c t i v e  p l a s t i c  s t r a i n  as the  

t-3 
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i n t e g r a l  of t h e  secoad i n v a r i a n t  of t h e  incremental components of p l a s t i c  

s t r a i n .  Th i s  choice appears t o  be supported by a v a i l a b l e  experimental re- 
i . I... :.. . 

... s u l t s  i n  Reference 4.3, f o r  example. 

If i t  is assumed t h a t  unloading 'and rel-oading t o  t h e  same stress 

fo l lows  t h e  e las t ic  l a w  and t h a t  t h e  r e l a t i o n  between e f f e c t i v e  s t r a i n  and 

t o t a l  p l a s t i c  s t r a i n  i s  independent of t h e  l o a i i n g  d i r e c t i o n ,  then t h e  y ie l t i  

s u r f a c e  expands uniformly during p l a s t i c  flow so t h a t  i t  always passes  through 

the po in t  of loading. According t o  t h i s  hardening l a w ,  t h e  material remains 

i s o t r o p i c "  du r ing  coldwork. Such i so t ropy  i s  gene ra l ly  no t  exhib i ted  by r e a l  

materials, as fndicatecl by t h e  broken curve i n  F igure  4.1. However, i n  o the r  

r e s p e c t s  t h i s  model of material behavior agrees  wi th  cbserva t ion ,  and i t  is 

easy  t o  apply. It is s t i l l  by f a r  t h e  most commonly used theory of p l a s t i c -  

i t y .  It is r e f e r r e d  t o  as t h e  classical flow theory with i s o t r o p i c  s t r a i n  

hardening. 

11 

A major f law i n  t h i s  theory is  r e l a t e d  t o  rhe d i f f e r e n c e  between 

the t ens ion  and compression curves immediately upon t h e  p l a s t i c  s t r a i n  re- 

versal. This  phenomenon w a s  observed by Bauschinger (1886) who not iced  

that  a f t e r  coldwork i n  t ens ion  t h e  compressive y i e l d  stress appears t o  be 

reduced approximately by an amount equal t o  the  inc rease  ir, tk;z y ie ld  

s t r e n g t h  under t h e  i n i t i a l  loading  i n  tension. This observation led  t o  t h e  

d e f i n i t i o n  of t h e  so-called kinematic s t r a i n  hardening theory (Reuss, 1935; 

Prager,  1937; Shield and Ziegler, 1958). According t o  t h i s  c r i t e r i o n ,  t h e  

y i e l d  s u r f a c e  translai-es wi th  loading i n  the p l a s t L  range without change 

i n  t h e  shape or  s i z e .  

i.e., t h e  hardening modulus i s  independent on loading d i r e c t i o n .  

This theory i s  s t i l l  based on rhe classical approach, 

A theory c;f p l a s t i c i t y  expressed i n  terms of t o t a l  stresses and 

s t r a i n s  r a t h e r  than i n  the  increments w a s  f i r s t :  presented by Hencky (1924). 

This  approach w a s  f u r t h e r  pursued by many o the r  i n v e s t i g a t o r s ,  no tab ly  by 

Nadai (1931). Such t h e o r i e s  are r e f e r r e d  t o  a s  deformation t h e o r i e s  of 

p i a s t i c i t y .  

t f c n s  and they  do no t  have a sound t h e o r e t i c a l  bas i s .  The f irst  se r ious  

They are d e f i n i t e l y  repudiated,by some e x p e r h e n t a l  observa- 

. 
4-5 



ob jec t ion  t o  t h e  deformation t h e o r i e s  (with e las t ic  unloading) was r a i s e d  

on t h e  grounds t h a t  they v i o l a t e  t h e  c o n t b u i t y  cri ' terion. 

i n  t h e  stress space o n t h e o u t s i d e  s f  bu t  i n f i n i t e s i m a l l y  c l o s e  t o . t h e  pa th  

correspond t o  n e u t r a l  loading w i l l  l e ad  to  a f i n i t e  change i n  the p l a s t i c  

s t r a i n  components while a similar pa th  

a d d i t i o n a l  p l a s t i c  s t r a i n .  However, deformation t h e o r i e s  are very easy t o  

use  and i t  has been shown i n  Keference 4 . 4  t h a t  whenever t h e  cuva tu re  of 

t h e  loading pa th  Cn the  stress space does no t  exceed a c r i t i c a l  va lue  t h e  

r e s u l t s  obtained are prac t ica l l -y  i d e n t i c a l  t o  those  from the  classical f low 

theory. 

T h a t  is, a pa th  

on the  i n s i d e  w i l l  r e s u l t  i n  no 

4.2 Limi ta t ions  of t he  C l a s s i c a l  Theory 

...... 

Ear ly  experiments w e r e  designed to  shed some l i g h t  on t h e  questio? 

of whether a deformation theory o r  a flow theory would be more adequate f o r  

p r a c t i c a l  p l a s t i c i t y  a n a l y s i s  (Refs. 4.5 and 4 . 6 ) .  Although more acceptdble  

from a t h e o r e t i c a l  po in t  -of view, t h e  flow theory  d id  no t  appear t o  p r e d i c t  

Experimental r e s u l t s  more c l o s e l y  than t h e  deformation theory. The experi-  

mental r e s u l t s  w e r e  obtained by use  of  t ubu la r  test specimens subjected t o  

tension/compression o r  i n t e r n a l  p re s su re  i n  combiliation with to r s ion .  TSe 

i n l t i s l  a p p l i c a t i o n  of t o r s i o n  t o  a Specimtig chat is  loaded beyond y i e l d  i n  

tens ion  would correspond 

theory. Consequently, t he  ins tan taneous  shear modulus wonlr! t ake  on i t s  

elastic value.  

modulus w a s  considerably reduced. 

t o  n e u t r a l  loading  according t o  t k  c l a s s i c a l  f low 

Generally t h i s  was not  found t n  b e  the  case, b u t  the shear 

Experiments on t h e  buckling of p la tes  and she l l s  i n  t h e  p l a s t i c  

range d id  c o n s i s t e n t l y  show b e t t e r  agreemeit  wi th  t h e  p red ic t ions  of deform- 

a t im  theory, Reference 4.7. 

t i o n  t h a t  t h e  ins tan taneous  shea r  modulus is less than its clastic va lue  f o r  

a mrP-rial subjec ted  t o  normal s t r a i n s  i n  thc p l a s t i c  range. 

from a p p l i c a t i o n  of flow t h e o r i e s  t o  b i f u r c a t i o n  buckling problzzs  2re gen- 

e r a l l y  unconservative because t h e  inp lane  shear s t i f f n e s s  is  overestimated. 

The problem of p l a s t i c  buckling has been d i s c u s s d  ex tens ive ly  by Hutchinsoa 

i n  Rcr'e2aw.e 4 . 8 .  > 

Such r e s u l t s  are c o n s i s t e n t  with the  obset-va- 

The r e s u l t s  
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,... . 

One of the  problems t h a t  was encountered a t  an e a r l y  s t a g e  i n  

The kinematic the development of t h e  theory  was t h e  Bauschinger e f f e c t .  

hardening model w a s  s p e c i f i c a l l y  developed i n  order t h a t  t h i s  e f f e c t  would 

be accounted f o r .  I n  Figure 4.2, a comparison i s  made of t h e  r e s u l t s  from 

t h e  i s o t r o p i c  and kjnematic hardening r u l e s  t o  the  t y p i c a l  behavior of a 

metal under u n i a x i a l  loading with reversal. Also shown a r e  r e s u l t s  from 

a n  a n a l y s i s  prccedure i n  which kinematic hardening is used i n  connection 

wi th  b i - l i nea r  r e p r e s e n t s t i o n  of th2 s t r e s s - s t r a i n  curve. 

i s  p r e s e n t l y  recommended by AEC i n  Reference 4 . 9  f o r  u se  i n  t h e  case of 

c y c l i c  u n i a x i a l  loading. 

This procedure 

STRESS 

S T R A ~  KINEMATIC 

TYPICAL EXPERIMENT 

- -y ISOTROPIC 

Figure  4.2. Stress-StrLfn Curves with Stress Reversal  

Experiments seem t o  i n d i c a t e  thai! a f t e r  loading, iu t ens ion ,  fo r  

example, beyond t h e  elastic l i m i t  tilt: y i e l d  stress i n  compression had de- 

creased approximately 3j7 t he  same amount as t h e  t n r r e a s e  i n  t h e  y i e l d  stress 
. .  
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i n  tens ion .  Bowever, t h e  so-called hardening modulus, t he  ra te  a t  which 

t h e  stress increases wi th  t h e  effective p l a s t i c  s t r a i n ,  is g r e a t e r  at t h e  

onse t  of p l a s t i c  deformation i n  compression, so t h a t  a f t e r  a s u f f i c i e n t l y  

l a r g e  reversed pene t r a t ion  i n t o  the  p l a s t i c  range experimental r e s u l t s  aga in  

come c l o s e  t o  t h e  p r e d i c t i o n s  by the theory wi th  i s o t r o p i c  s t r a i n  hardening. 

The kinematic s t r a i n  hardening r u l e  does no t  account f o r  t h i s  change i n  hard- 

en ing  modulus. Therefore, it does no t  appear to r ep resen t  a n  improvement on 

t h e  i s o t r o p i c  s t r a i n  hardening r u l e ,  except poss ib ly  f o r  t h e  c2se i n  which 

a b i l i n e a r  stress s t r a h  curve provides a sa t i s f ac t . o ry  r ep resen ta t ion .  

The problem i l l u s t r a t e d  i n  Figure 4.2  is a r e f l e c t i o n  of t h e  ina- 

b i l i t y  of t h e  classical  theory  t o  cope wi th  p l s s t i c  anfsotropy. 

a t e l y ,  most metals as used i n  engineering a p p l i c a t i o n s  shov socle i n i t i a l  

an iso t ropy .  Two types of p l a s t i c  an iso t ropy  aay  occur: 

Unfortun- 

o "Crystallographic anisotropy" which is assoc ia ted  wi th  t h e  

t ex tu re ,  i .e . ,  non i so t rop ic  d i s t r i b u t i o n  of c r y s t a l  orien- 

t a t i o n s ,  observable i n  x-ray inves t iga t ions .  

... 0 Coldwork-generated an iso t ropy  of which t h e  Bauschinger 

Since effect i s  themost gene ra l ly  recognized example. 

coldwork gene ra t e s  mic ros t r e s ses ,  i n i t i a l l y  i s o t r o p i c  

materials w i l l  tend t o  beccme a n i s o t r o p i c  dur ing  p l a s t i c  

deformation. 

i n e l a s t i c  an iso t ropy  caused by coldwork-generated micro- 

s tresses. 

The Bauschlnger e f f e c t  may be defined as 

Xi11 (kef. 4.10) has  presented an  extension of t h e  classical 

theory t o  inc lude  i n i t i a l  an iso t ropy .  The theory c o n s i s t s  of :he d e f i n i -  

t i o n  of a n  i n i t i a l  y i e l d  s u r f a c e  t o  be used i n  connection wi th  an assoc i -  

a t e d  flow l a w .  

e f f e c t i v e  p l a s i i c  s t r a i n  only,  t h e  theory f a i l s  t o  account adequately f o r  

t h e  modi f ica t ions  of t h e  an iso t ropy  t h a t  m y  occur as a r e s u l t  of loading 

i n t o  the p l a s t i c  r m g e  (generalized Bauscbinger e f f e c t ) .  

A s  long as t h e  hardening modulus i s  a func t ion  of t h e  

. . . .. . . . . . . . . . . . 
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4.3 Other Theories 

... . . . . . . . ,. . .I . . . y;.;::.:::- .... 
- . . . . . . , .... The f a i l u r e  of t h e  classical  t h e o r i e s  t o  p r e d i c t  t h e  material 

behavior i n  certain s i t u a t i o n s  brought about t h e  development of new the- 

o r i e s  and t h e  in t roduc t ion  of new concepts. Duwez (1935) introduced t h e  

idea  of a material c o n s i s t i n g  of a number of s e p a r a t e  components, which 

a l l  undergo t h e  same s t r a i n  h i s t o r y .  

manner i n  t h e  p l a s t i c  range 2nd have d i f f e r e n t  material p rope r t i e s ,  t h e  

composite w i l l  e x h i b i t  t he  complex type  of behavior t h a t  i s  c h a r a c t e r i s t i c  

of real materials . 

I f  t he  components behave i n  a simple 

A s i m i l a r  p l a s t i c i t y  theory  w a s  presented by White (1950) and 

t h e  concept w a s  f u r t h e r  extended and r e f ined  by Besseling (Ref. 4.11). 
This type of p l a s t i c i t y  a n a l y s i s  i s  r e f e r r e d  t o  h e r e  as a White-Besseling 

theory. Since a l l  t h e  d i f f i c u l t i e s  i n  t h e  de f i r r i t i on  of a p l a s t i c i t y  the- 

o ry  seem t o  be r e l a t e d  t o  t h e  s t r a i n  hardening, i t  appears advantageous 

t o  assume t h a t  a l l t h e  s e p a r a t e  components e x h i b i t  i d e a l  p l a s t i c i t y  ( p l a s t i c  

f low under cons t an t  s t r e s s ) .  The d i f f e r e n t  components have d i f f e r e n t  y i e l d  

s t r eng ths .  I f  t h e  componezts have t h e  same elastic modulus and i f  they are 

subjec ted  t o  t h e  same s t r a i n ,  t he  y i e l d  stress of t h e  composite w i l l  be t H e  

same as t h a t  of t h e  weakest of i ts components. However, s i n c e  the  o the r  

components i a r r  t ake  a d d i t i o n a l  load ,  t h e  composite w i l l  e x h i b i t  s t r a i n  

hardening wi th  ;i piecewise l i n e a r  s t r e s s - s t r a i n  curve. 

I f  t h e  stress i s  reversed  a f t e r  loading beyond t h e  y i e l d  l i m i t  f o r  

one o r  more components, y i e l d  will occur i n  t h e  reversed d i r e c t i o n  when t h e  

average stress i n  t h e  composiiz reaches  t h e  va lue  CT = CT - 20 where CT is  

ihe iaaximum stress dur ing  i n i t i a l  loading  and G 

l i m i t  f o r  t he  Yeakest components ( the  i n i t i a l  y i e l d  l i m i t  f o r  t h e  composite) 

(see Fig. 4 . 3 ) .  A s  i n  t h e  kinematic s t r a i n  hzxdening theory, t h e  y i e ld  

stress under thc reversed  l m d  occurs  a t  a l e v e l  t h a t  is  reduced by t h e  

amount of s t r a i n  hardening f o r  l m d i n g  in t h e  i n i t i a l  d i r e c t i o n .  

i n  c o n t r a s t  t o  t h e  kinematic t-lizory, t h e  'White-Besseling theory  g ives  a 

hardening modulus a t  t h e  o u t s e t  01 reversed  y i e l d  which equals  t he  harden- 

i n g  modulus a t  i n i t i a l  y i e l d .  

1 Y 1 
cckresponds t o  t h e  y i e l d  

Y 

However, 

This ag rees  w e l l  w i th  t h e  experimentally 

..... ... 
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observed material behavior. 

ancing stresses i n  t h e  s e p a r a t e  components, p l a s t i c  an iso t ropy  develops 

au tomat i ca l ly  i n  the  model. dur ing  loading  i n  t h e  p l a s t i c  range. 

Due t o  t h e  formation of a s y s t e w o f  se l f -ba l -  

I 

I 

Figure 4 . 3 .  Stress -St ra in  Re la t ions  According t o  White-Besseling Theory 

I n  t h i s  form ~f the White-Besseling theory f o r  p l a s t i c  a n a l y s i s ,  

. . . . . . . t h e  material behavior i s  defined through s p e c i f i c a t i o n  of 
-. . . . . . 

0 The number of material  components 

0 The relative volume of each component 

e The y i e l d  s t r e n g t h  of each component 

U s e  of only one component r e s u l t s  i n  t h e  a p p l i c a t i o n  of i d e a l  p l a s t i c i t y .  

With two components of which me has  an i n f i n i t e  y i e l d  l i m i t  ( i n  p r a c t i c a l  

a p p l i c a t i o n  l a r g e  b u t  f i n i t e ) ,  t he  White-Besseling theory becomes i r i e n t i c a l  * 

t o  t h e  kinematic s t r a i n  hardening theory with a b i l i n e a r  s t r e s s - s t r a i n  curvc. 

The d i f f i c c l t i e s  w i th  t h e  c l a s s i c a l  theory,  i- ?articular t h e  

f a i l u r e  of t he  flow t k o r y  i n  bucKlfslg a n a l y s i s ,  i n sp i r ed  Batdorf aid 

Budian’sky (1949) t o  re-examine t h e  problem of p l a s t i c  deformation. These 

i n v e s t i g a t o r s  a t t enp ted  t o  u t i i i z e  t h e  i n s i g h t  i n t o  t h e  phys ics  of metall ic 

materials i n  a mathematIc21 p l a s t i c i t y  theory. The approach i s  based on t h e  
, 

.. . . . . . . . . 
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concept of s l i p  and i s  t h e r e f o r e  r e f e r r e d  t o  as a s l i p  theory. The s l i p  

theory  as presented by Batdorf and Budiansky (Ref. 4.12) does i n d i c a t e  a 

r educ t ion  i n  the  shear  modulus i n  t h e  presence of normal s t r a i n  i n  t h e  

p l a s t i c  range. 

theory  overes t imates  t h e  reduct ion  i n  shea r  s t i f f n e s s .  

Budiansky s l i p  theory l eads  t o  excess ive  numerical manipulations and it 

fails  t o  p r e d i c t  the. c r e a t i o n  of p l a s t i c  an iso t ropy  wi th  cold-c.l.ork. While 

i t  is doub t fu l  t h a t  t h e  concept can be modified sc t h a t  i t  becomes u s e f u l  

i n  engineering a n a l y s i s ,  i t  has served i t s  purpose by demonstrating t h e  

p o s s i b i l i t y  of de f in ing  models t h a t  g i v e  b e t t e r  r e s u l t s  than t h e  classi- 

ca l  t h e o r i e s  f o r  t h e  tens ion- tors ion  case. 

The agreement is  only of a q u a l i t a t i v e  na tu re  as the  s l i p  

The Batdorf- 

Mroz (Ref. 4.13) introduced t h e  concept of "a f i e l d  of work- 

hardening modulii." 

su r f aces .  

space according t o  t h e  r u l e s  of kinematic hardening. 

u l u s  depellds on how many of t h e  moduli are c u r r e n t l y  active. 

obtained by use  of t h e  Mroz model are almost i d e n t i c a l  t o  those  obtained 

by use  of t h e  White-Besseling theory. Other models of m a t e r i a l  behavior 

have r e c e n t l y  been presented t h a t  employ non-intersecting y i e l d  and load- 

i n g  s u r f  aces.  

That is, he introduced a number of d i f f e r e n t  y i e l d  

On loading, a l l  of t hese  su r faces  are being s h i f t e d  i n  stress 

The hardening mod- 

The r e s u l t s  

Dafalias and Popov (Ref. 4.14) and Krieg (Ref. 4.15) presented 

independently and almost simultaneously very  s imilar  models of t h i s  type  

which improve t h e  r e p r e s e n t a t i o n  of material  'uehavior f o r  reversed  plas- 

t i c  loading. 

f a c e .  

The i s o t r o p i c  o r  t he  kinematic h a r d e n h g  r u l e s  o r  combinations of t he  two 

can be Applied. The hardening modulus i s  expressed as  a func t ion  of t h e  

d i s t a n c e  i n  t h e  stress space from the  p o i n t  of loading t o  t h e  l i m i t  sur- 

f a c e  a long  t h e  normal t o  the  y i e l d  su r face .  I f  t h e  hardening modulus i s  

p ropor t iona l  t o  t h i s  d i s t ance ,  t h e  material behavior on reversed  y i e l d  is 

equa l ly  well represented  as i n  t h e  White-Besseling theory. The advantage 

w i t h  t h e  "Two-Surface" model is  t h a t  a piecewise l i n e a r  r ep rosen ta t ion  of 

the stress-strak r e l a t i o n  is no t  needed. 

The y i e l d  s u r f a c e  i s  always contajnpd i n s i d e  a -- l i m i t  sur- 

Both y i e l d  and l i m i t  su r f aces  can change 5rit.h p l a s t i c  L a d i n g .  

.... 
VI::::. 
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4.4 The S t a t e  of t h e  A r t  

Although some e f f o r t s  have been devoted t o  eva lua t ion  of the  

proposed procedures f o r  i n e l a s t i c  a n a l y s i s ,  many ques t ions  remain unan- 

swered. 

and von Mises cr i ter ia  f o r  i n i t i a l  y i e l d  and t h e  comparisons between t h e  

f l o w  and deformation t h e o r i e s  l e d  t o  inconclus ive  r e s u l t s .  Later experi- 

ments (Ref. 4.16) i n d i c a t e  t h a t  t h e  flow theory g ives  a r e l a t i v e l y  good 

p red ic t ion  f o r  t h e  loading sequence torsion-tension-torsson bu t  fai1.s 

f o r  t h e  sequence tension-torsioc-tension. 

The e a r l y  e f f o r t s  t o  decermine t h e  relative merits of t h e  Tresca 

The y i e l d  s u r f a c e  corresponding t o  t h e  Batdorf-Budiansky s l i p  

theory  e x h i b i t s  a corner a t  t h e  end of t h e  loading. 

why t h e  classical  flow t h e o r i e s  l ed  t o  unconservative r e s u l t s  i n  buckling 

ana lys i s .  

c a r r i e d  o u t  wi th  t h e  purpose of determining whether o r  no t  such corlrers 

d i d  exist. Again, t h e  r e s u l t s  vere inconclusive.  

This tends  t o  expla in  

Af te r  pub l i ca t ion  of t he  s l i p  theory,  many experiments w e r e  

Clear ly ,  t h e r e  are several mathematical models of material behav- 

i o r  wi th  m e r i t s  t h a t  warrant t h e i r  i n c l u s i o n  i n  computer programs f o r  -inel- 

as t ic  s t r u c t u r a l  ana lys i s .  The i s o t r o r i t  s t r a i n  hardening theory i.n many 

cases l e a d s  t o  r e s u l t s  t h a t  are 2s good as those obtained by u s e  of -ore 

complex material models. Since such f a c t o r s  as  computer run tiz2 and s t o r -  

age  capac i ty  must be considered, t h e  i s o t r o p i c  s t r a i n ,  hardening theory pro- 

bably should be r e t a i n e d  as  an c p t i o n  i n  an  e f f i c i e n t  computer program. 

A t  t he  ONR workshop on s t r a i n  hardentz, a t  Texas A&M 1975, two 

types  of s i t u a t i o n s  w e r e  i d e n t i f i e d  -in which many of t h e  commonly used 

t h e o r i e s  appear t o  be  inadequate. 

(Ref. 4.17) i n d i c a t e  t h a t  t h e  i s o t r o p i c  s t r a i n  hardening ard t h e  kir?ematic 

s t r a i n  hardening r u l e s  y i e l d  poor restilts i n  t h e  case of c y c l i c  loading. 

On t h e  o t h e r  hand, t h e  "mechanical sublayer" (White-Besseling) and the  

Mroz models r ep resen t  actual material behavior reasonably w e l l .  

models presented by Krieg and by Dafa l i a s  and Popov improve considerably 

cz t h e  classical t h e o r i e s  i n  the czs2 of cyc1,ic loading. 

Resu l t s  presented by Hunsaker, et al. 

The 

I... .:. 
i: . 
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For b i f u r c a t i o n  buckling a n a l y s i s  t h e  classical flow theory o r  

one of t h e  more s o p h i s t i c a t e d  t h e o r i e s ,  iE appropr i a t e ,  can be used f o r  
J . . .. . . . . . 

the prebuckling ana lys i s .  However, f o r  determination of t he  incremental  

s t i f f n e s s  corresponding t o  buckling, the  a n a l y s t  fs advised t o  r e l y  on 

t h e  deformation theory. 

Spec ia l  problems occur when t h e  loading is  c y c l i c ,  i.e., t h e  

loading  i n  t h e  p l a s t i c  range is  reversed a number of times. Accurate 

r ey resen tn t ion  of c y c l i c  hardening o r  so f t en ing  phenomeila may r e q u i r e  

t h a t  a hardening modulus is defined t h a t  varies with the  number of 

cycles experienced by the material. 

The o t h e r  s i t u a t i o n  i n  which d i f f i c u l t i e s  are apparent i s  t h e  

case is which shnrp t c r n s ,  o t h e r  than f u l l - r e v e r s a l ,  occur i r -  t h e  loading 

p a t h  i n  t h e  stress space. Such t u r n s  may occur f o r  example, during buck- 

l i n g  o r  co l l apse .  

t h e o r i e s  f a i l  t o  r ep resen t  adequately t h e  incremental s t i f f n e s s e s  a t  o r  

immediately a f t e r  such turns .  There is  i n  f a c t  l i t t l e  evidence t o  ind i -  

cate t h a t  any of t h e  t h e o r i e s  so far proposed g i v e  acceptab le  r e s u l t s  

except f o r  near -propor t iona l  loading, inc luding  r e v e r s a l  on a propro t iona l  

path. Other loading h i s t o r i e s  are r e f e r r e d  t o  as complex L a d i n g .  Cases 

wi th  complex loading have been presented  (e.g., Refs. 4.16 m d  4.18) i n  

which t h e  flow theory wi th  i s o t r o p i c  s t r a i n  hardening gives except iona l ly  

poor r e s u l t s .  With t h e  poss ib l e  except ion  of a s l i p  thenry,  it seems un- 

l i k e l y  t h a t  any material model sb f a r  proposed w i l l  l ead  t o  reasonably 

accu ra t e  r e s u l t s  f o r  t he  cases considered. 

Experiments i n d i c a t e  t h a t  even thk more s o p h i s t i c a t e d  

Three separate cases  can be d is t inguished:  

0 Near-proportional monotonic loading; f o r  t h i s  case a l l  

commmfy used t h e o r i e s  r e s u l t  i n  p r a c t i c a l l y  iZcztical 

r e s u l t s  f o r  a n a l y s i s  of i n i t & a l l y  i s o t r o p i c  materials. 
I 

i 
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0 Uniaxis l  loading wi th  r e v e r s a l ;  f o r  t h i s  case the  classical 

t h e o r i e s  f a i l  t o  r ep resen t  the a c t u a l  matekial  behavior bu t  

more soph i s t i ca t ed  models have been developed and appear t o  

be adequate. 

0 Complex loading; f o r  t h i s  case l i t t l e  is k~own about t h e  

a p p l i c a b i l i t y  of a v a i l a b l e  theor ies .  

4.5 Solut ion Techniques 

Independently of which p l a s t i c i t y  theory has been chosen, t w o  

b a s i c a l l y  d i f f e r e n t  techniques are  appropr ia te  f o i  solut ior ,  of i n e l a s t i c  

s t r u c t u r a l  problems based on the  displacement method. 

(Ref, 4.19, f o r  example) t he  pseudo f o r c e  method (also r e f e r r e d  t o  as the  

i n i t i a l  s t r a i n  method) and the tangent  s t i f f n e s s  method. 

These may be termed 

The pseudo f o r c e  method is  named so becasue the  i n e l a s t i c  s t r a i n s  

(creep o r  p l a s t i c i t y )  are t r ea t ed  i n  the  same way as i f  they were appl ied  

forces .  

the equat ion system, 

r e l a t i o n  t o  Eq. (2.3). 

force method a p p l i e s  with the  use  of any incremental  (flow) theory. 

That is, t h e i r  con t r ibu t ions  appear only on the  right-hand s i d e  of  

The v a l i d i t y  of t h i s  approach i s  discussed a-bove i n  

The following o u t l i n e  of the  procedure i n  the  pseudo 

A t  any t i m e  during the  computations, an est imate  of the va lues  of 

the degrees of frceciom nf t he  system, displacement and  r o t z t i o n  components, 

i s  ava i l ab lc .  Generally,  t h e  s o l u t i o n  vec tor  i n  previous i t e r a t i o n s  i s  used. 

For the f i r s t  i t e r a t i o n  a t  a load or  time s t e p ,  t h e  e s t imte  i s  obtained 

through ex t r apo la t ion  frsiii the  previous so lu t ions .  Values of ihe g l a s t i c  

s t r a i n  i n  previous s t e p s  zre saved, o r  equiva len t ly ,  s t r e s s e s  and t o t a l  

s t r a i n s  are saved ss t h e  elastic and p l a s t i c  p a r t s  of the s t r a i n  can be de- 

termined. Based on crzrrent t o t a l  s t r a i n ,  computed from the displacement con- 

figurati:on, and t o t a l  p i a s t i c  s t r a i n  i n  previous load or  t h e  s t e p ,  t h e  plas-  

t i c i t y  theory al lows the  computation of cu r ren t  p l a s t i c  s t r a i n s .  These 

s t r a i n s  correspond i o  pseudo f o r c e s  which are used when the  t o t a l  d i sp lace-  

ments are computed i n  t h e  next  i t e r a t i o n .  The i t e r a t i v e  procedure has  
* 
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converged when t h e  computed and estimated s o l u t i o n  vec to r s  agree  wi th in  

predetermined bounds. At t h a t  po in t  the  requirement of minimum elastic 

energy as w e l l  as t h a t  of t h e  p l a s t i c i t y  theory are s a t i s f i e d .  

The psuedo f o r c e  method has  t h e  advantage t h a t  reformulation 

and f a c t o r i n g  of t h e  second v a r i a t i o n  is avoided except when required 

due t o  geometric n m l i n e a r i t i e s .  Whenever the  stress s t r a i n  curve has  

a r e l a t i v e l y  small s lope ,  t h e  convergence -with t h e  pseudo f o r c e  method 

may be very s l o w  because the  second vzlriation derj-ved from t h e  left-hand 

s i d e  of the equatioii system corresponds t o  elastic deformation. I f  non- 

l i n e a r  terms are allowed t o  a f f e c t  only t h e  right-hand s i d e  of t h e  equa- 

t i o n  system, the  convergence cannot b e  improved by r e fac to r ing .  

I n  the  t a n g e n t i a l  s t i f f n e s s  method t h e  e f f e c t s  of i n e l a s t i c  

deformation are introduced on the  left-hand s i d e  of t h e  equation system, 

i .e.,  t h e  s t i f f n e s s  mat r ix  i s  modified so t h a t  i t  inc ludes  i n e l a s t i c  

e f f e c t s .  

u n i t  nprmal t o  t h e  y i e l d  su r face ,  t he  increments i n  p l a s t i c  s t r a i n  can be 

I f  {n} r e p r e s t n t s  t h e  components ( i n  t h e  stress space) of t h e  

w r i t t e n  i n  t h e  form 

C A ~ I  {n)  AP 

-P where A &  i s  t h e  increment iii t o t a l  p l a s t i c  s t r a i n ,  a s c a i a r .  

A matrix [ C p j  Is def ined  s o  t h a t  

T where the  components of E r ep resen t  t h e  thermal expansion. I f  [C! repre-  

sents t h e  elastic s t i f f n e s s  matrix 

........ 
I:"::::::::. 
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The t a n g e n t i a l  s t i f f n e s s  mat r ix  then  is given by t h e  r e l a t i o n  

I . .  . . . . . . . __. . . . . . . . .... . 

where [I] is t h e  i d e n t i t y  matrix. 

determined by t h e  stress f i e l d  a t  the  beginning of t he  load s t e p .  

f o r e ,  [C ] can be  determined from a n  estimate f o r  A;’. 

t i m e  s t e p  t h e  p l a s t i c i t y  theory and t h e  equations of motion (or  equilibrfum) 

are enforced t o  g ive  a cor rec ted  va lue  c f  t h e  t o t a l  p l a s t i c  s t r a i n  A;‘. Con- 

vergence is obtained when t h e  cor rec ted  va lue  ag rees  with t h e  estimste. Th2 

tarigent s t i f f n e s s  method has t k e  advantage t h a t  i t  allows iinprovement of t h e  

convergence ra te  through updating of t h e  second v a r i a t i o n  ( the  f i r s t  var- 

i a t i o n  can  be computed without r e fe rence  t o  a t a n g e n t i a l  s t i f f n e s s ) .  The 

matrix [C 3 ,  t he re fo re ,  needs t p  be computed only when slow convergence 

r e q u i r e s  r e f a c t o r i n g  of t he  c o e f f i c i e n t  matrix. Poss ib ly ,  t h e  use  of t he  

tangent s t i f f n e s s  method may lead t o  convergence d i f f i c u l t i e s ,  i f  unload- 

i n g  begins a t  a s i g n i f i c a n t  part: of t h e  s t r u c t u r e  of the  same load o r  t i m e  

s t e p .  

The components of t h e  normal (n} are 

There- 
T Ac each load o r  

T 

A Subincremental technique is  sometimes used i n  p l a s t i c i t y  analy- 

sis. This system a l lows  t h e  use of l a r g e r  c t ep  s i z e .  It is described i n  

detai l  i n  Reference 4.20. Whenever material r a t h e r  L i i a r i  geometric nonlin- 

earit ies are c r i t i ca l ,  t he  choice  of s t e p  s i z e  is  goverricci by twe +ac to r s .  

The f i r s t  is r e l a t e d  t o  the  assumption t h a t  t h e  p l a s t i c  s t r a i n  increment 

vecrsr i s  normal -to t h e  y i e l d  su r face  a t  a po jn t  determined by the  stresses 

iit t h e  beginning of t he  s tep .  Consequently, t h e  s t e p  m u s t  he small  enczgh 

so t h a t  changes i n  the  d i r e c t i o n  of the normal to the yield su r face  from 

cmc s t e p  t o  another  are i n s i g n i f i c a n t .  Secmdly ,  a t  any i t e r a t i o n  the 

a p p l i c a t i o n  of t h e  p l a s t i c i t y  theory involves  t h e  sp lu i ion  of a n o n l h e a r  

equat ion  system (of rank t h r e e  f o r  a f i r s t  o rde r  s h e l l  theory). 

s t e p  s i z e  is too  l a r g e ,  t h i s  nonl inear  system may not  have a rea l  so lu t ion .  

I f  t h e  

In  the subincrement method the t o f a l  s t r a i n  increment, as 05- 

t a ined  from ex t r apo la t ion  o r  previous i t e r a t i o n ,  i s  subdivided i n t o  a 

.. 
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number of  subin terva ls .  

can be made s m a l l  enough so t h a t  t h e  equations based on t h e  p l a s t i c i t y  

theory  always have a s o l u t i o n  and so t h a t  t h e  e f f e c t s  of t h e  d i f f e rence  

i n  d i r e c t i o n  of t h e  normal t o  t h e  y i e l d  su r face  between two adjacent  sub- 

i n t e r v a l s  can b e  neglected. 

For each of t hese  t h e  p l a s t i c  s t r a i n  increment 

4 . 6  P l a s t i c i t y  Theory i n  STAGS 

STAGSC-1 inc ludes  t h e  classical theo r i e s  with i s o t r o p i c  or 

I n  addi t ion ,  kinematic strain hardening and the deformation theory. 

t h e  White-Besseling theory is included f o r  use i n  cases  with more complex 

loading h i s t o r y .  

p l a s t i c i t y  and f o r  r ep resen ta t ion  of t h e  kinematic strain-hardening 

model w i th  a b i l i n e a r  stress s t r a i n  r e l a t i o n  

This theory is  e a s i l y  appl ied  t o  simulate i d e a l  

The s o l u t i o n  technique i n  STAGS i s  based on a mixture of t h e  

The f i r s t  v a r i a t i o n  pseudo f o r c e  and t h e  t a n g e n t i a l  s t i f f n e s s  method. 

i s  gene ra l ly  computed based on t h e  pseudo fo rce  method. 

vergence d i f f i c u l t i e s  are r ecu r r ing ,  t h e  t angen t i a l  s t i f f n e s s  based on [C  ] 

w i l l  be p e r i o d i c a l l y  updated unless  such ac t ion  is  disallowed by user  

input .  

Howevkr, i f  con- 

T 

The White-Besseling p l a s t i c i t y  theory i s  implemented i n  t h e  com- 

pu te r  program i n  t h e  following manner: 

(1) The i n e l a s t i c  behavior of t h e  material i s  defined through 

s p e c i f i c a t i o n  of:  

0 The number of components 

0 The r e l a t i v e  volume of each component 

0 The y i e l d  s t r e n g t h  f o r  each component 

(2) The s t r a i n s  are estimated f o r  a l l  p o i n t s  i n  t h e  s h e l l  over t h e  

s h e l l  coordinates and through t h e  thickness.  

done through ex t r apo la t ion  from previous so lu t ions .  

This gene ra l ly  i s  

f::: 
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c3 1 A subrout ine  is c a l l e d  wi th in  which, f o r  each of t h e  material 

components, t h e  stres’ses corresponding t o  t h e  sssumed s t r a i n s  

are determined. The t o t a l  stresses f o r  t he  composite are com- 

pu ted. 

(4 1 Once t o t a l  s t r a i n s  and stresses a r e  known, t h e  p l a s t i c  p a r t  of 

t h e  s t r a i n  increment can be  determined and added as a pseudo- 

load i n  an elastic ana lys i s .  

CS) New s t r a i n s  are computed and used as estimates. The procedure 

is continued u n t i l  t h e  computed s t r a i n s  agree  t o  wi th in  a given 

margin w i t h  t h e  es t imated  s t r a i n s .  

....... 

(:-. ....... 
Y. .. 

I 

n 
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GEOMETRIC NONLINEARITIES 

.... . 

5.1 In t roduc t ion  

The shallow l i n k  system i n  F igure  5 .1  i l l u s t r a t e s  t h e  e f f e c t  of 

geometric n o n l i n e a r i t y  on the  s t r u c t u r a l  behavior. F igure  5.la shcdws t h e  

case i n  which t h e  load is d i r e c t e d  s o  t h a t  tens ion  develops i n  t he  l i n k s .  

As t h e  l i n k s  are extended, t h e  angle  9 i nc reases  and t h e  r a t i o  between the  

r e a c t i o n  f o r c e  N and t h e  applied load becomes smaller. The r e s u l t  is t h a t  

the s t r u c t u r e  s t i f f e n s  wi th  inc reas ing  load as is ind ica t ed  by the  diagrain 

showing t h e  load  P ve r sus  t h e  deformation 6 .  

I n  F igure  5 . l b  t h e  load i s  appl ied  i n  t h e  oppos i te  d i r e c t i o n .  

The ang le  between t h e  l i n k s  becomes less favorable  as they shor t en  under 

compressive fo rces .  

l i m i t  p o i n t ,  P = 

The s t r u c t u r e  i s  continuously so f t en ing  u n t i l  a t  the 

t h e  s lope  of t h e  load displacement curve vanishes.  pMAx, - -- 
- 

A p e r f e c t l y  s t r a i g h t ,  c e n t r a l l y  loaded column i s  shown i n  F%g=r;rc 

5.2a. 

f o r c e s  u l l l  tend t o  r e s t o r e  t h e  column t o  i t s  o r i g i n a l  s t r a i g h t  form. The 

e x t e r n a l  f o r c e  P g ives  rise t o  a bending moment t h a t  t ends  t o  inc rease  the 

deformation. For s u f f i c i e n t l y  s m a l l  loads ,  t he  elastic f o r c e s  dominate and 

the s t r a i g h t  L'orm i s  t h e  only poss ib l e  equi l ibr ium conf igura t ion .  However, 

i f  P exceeds some va lue ,  say P > PCRIT, t h e  column can be maintained i n  a 

ben t  equi l ibr ium form. 

s u f f i c i e n t P j  small loads ,  t he  s t r a i g h t  column is  t h e  only  poss ib l e  equil-, 

ibrium f o r a ;  

behavior is  l i n e a r .  However, due t o  the  nonl inear  cha rac t e r  of the  govern- 

i n g  equ,ations, secondary s o l u t i o n s  corresponding t o  b e n t  e q u i l i b r i m  forms, 

do a l s o  e x i s t ,  a l though n o t  i n  the  immediate neighborhood of Zhe o r i g i n  of 

t h e  load displacement diagram. 

If t h e  column is  given a s l i g h t  displacement, t h e  in te r : - s l  elastic 

This is a r e s u l t  of geometric non l inea r i ty .  For 

t h e  deformation p a t t e r n  e x h i b i t s  no r o t a t i o n s  and the  column 

f' ..... . . . . . . . 
, . . . . . . . 

, 
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The column i n  F igure  5.2b i l l u s t r a t e s  t h e  poss ib l e  behavior of 

a nonconservative system (see Sec t ion  2) .  

is now d i r e c t e d  along t h e  tangent t o  t h e  deformed column. 

t h e  e x t e r n a l  f o r c e  as w e l l  as the  elastic fo rces  tend t o  r e s t o r e  t h e  

column tc its i n i t i a l  s t r a i g h t  shape. I f  we release t h e  column a f t e r  

g iv ing  i t  a small displacement, i t  w i l l  s tart  t o  v i b r a t e  around its equi l -  

ibrium conf igura t ion .  

time i f  t h e  following f o r c e  i s  s u f f l c i e n t l y  l a rge .  

smallest d is turbance  w i L l  even tua l ly  r e s u l t  i n  a v i o l e n t  motion. 

c r i t i c a l  load  i n  this case is t h e  load l e v e l  a t  which self-induced v ibra-  

t i o n s  develop. 

The load ,  'a fo l lowing  -' f o r c e  

I n  t h i s  case, 

The amplitude of t h e  v i b r a t i o n  w i l l  i nc rease  wi th  

I n  t h a t  case, the  

The 

I n  summary, geometric n o n l i n e a r i t i e s  are the  source of t h e  follow- 
types  of behavior: 

0 The s t r u c t u r e  s t i f f e n s  wi th  deformation; 

8 The. s t r u c t u r e  weakens wi th  deformations s o  t h a t  i t s  load 

ca r ry ing  c a p a b i l i t y  is  l i m i t e d ;  

Secondary s o l u t i o n s  of t h e  governing equations may a f f e c t  

t h e  s t r u c t u r a l  behavior;  and 

0 Self-Ciduced v i b r a t i o n s  develop a t  some c r i t i ca l  load level. 

5.2 The Concept of S t a b i l i t y  

The iast t h r e e  of t h e  types of behavior l i s t e d  above are r e l a t e d  

t o  t h e  concepts of buckling and s t r u c t u r a l  s t a b i l i t y .  

conveys a vjsual conceptlc,; of che s t r u c t u r a l  deformation and does no t  have 

a u n i v e r s a l l y  iiccepted s c i e n t i f i c  d e f i n i t i o n .  Therefore,  i t  is b e i t e r  t o  

avoid use of t h e  word i n  a d i scuss ion  of th2 e f f e c t s  c.f geometric iionlinear- 

ities. Our i n t e r e s t  is  i n  t h e  load l i a i i t  below which deformations and stres- 

ses are of acceptab le  magnitude. 

i n  a d i scuss ion  oi means t o  determine t h i s  load Ieve l .  For s i m p l i c i t y ,  t h e  

d i scuss ion  i s  a t  f i r s t  l i m i t e d  t o  s t a t i c  systems. 

The word buckling 

S t r u c t u r a l  s t a b i l i t y  is  a usefill concept 

[. .:..;.::: ,. . . . . . .. . .~ ....... 5-4 
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The d e f i n i t i o n  of s t a b l e  equi l ibr ium of a deformable body f o l -  

lows a s  an obvious extension of t h e  concept of s t a b l e  equilibrium of  a 

r i g i d  body. 

rium i f  any a d d i t i o n a l  permiss ib le  (by c o n t i n u i t y  and boundary condi t ions)  

displacement f i e l d  Au of s u f f i c i e n t l y  small amplitude produces elastic 

f o r c e s  t h a t  tend t o  r e s t o r e  t h e  b a s i c  displacement f i e l d  u. This  i s  equiv- 

a l e n t  t o  t h e  requirement t h a t  t he  displacment f i e l d  u corresponds t o  a 

t r u e  minilnum of t h e  t o t a l  p o t e n t i a l  energy. 

ibrium i f  t h e  p o t e n t i a l  energy has a maximum o r  an in f l ex ion  with zero  

s l o p e  wi th  r e s p e c t  ta a t  least one of its degrees of freedom. For the  

shallow l i n k  system shown i n  Figure 5 . lb  t h e  load dlsplacement r e l a t i o n  

r ep resen t ing  s ta t ic  equi l ibr ium is  ind ica t ed  i n  F igure  5.3. The equi l ib-  

rium is  s t a b l e  on t h e  p a r t s  of t he  curve a t  which the  load  inc reases  with 

t h e  deformation, and i t  i s  uns t ab le  (as ind ica t ed  by a dot ted  l i n e )  i n  
t h e  range where t h e  curve has  a nega t ive  slope.  If t h e  load is increased  

beyond t h e  l i m i t  po in t  a t  A, t h e r e  is  no equi l ibr ium conf igura t ion  avail- 

a b l e  i n  t h e  immediate neighborhood. Therefcre,  t h e  s t r u c t u r e  must be set  

i n  motion. I n  t h i s  p a r t i c u l a r  case, the  l i n k  system "snaps through" i n t o  

a conf igura t ion  a t  po in t  B w i th  t ens ion  f o r c e s  i n  the  l i n k s .  

A given displacement f i e l d  u corresponds t o  s t a b l e  equi l ib-  

The body is  i n  uns tab le  equi l -  

For s u f f i c i e n t l y  small loads ,  a c e n t r z l l y  loaded column e x h i b i t s  

no r o t a t i o n  i n  i t s  d e f o r m t i o n  p a t t e r n .  I n  the  range of s m a l l  s t r a i n ,  i ts 

behavior i s  l i n e a r .  The pa th  i n  t h e  load  displacement diagram t h a t  passes 

through t h e  o r i g i n  i s  r e fe r r ed  t o  as t h e  primary path. 

t h e  maximum l a t e ra l  displacement ve r sus  a x i a l  load i t  w i l l  co inc ide  with 

t h e  v e r t i c a l  a x i s  (Figure 5.4).  
e rn ing  e;zzticns, secondary s o l u t i o n s  corresponding t o  bent equi l ibr ium 

foms do a l s o  e x i s t ,  al though no t  i n  the  im.ed-iate neighborhood of t h e  o r i -  

g in .  Whether o r  not t h e  grimsry pet? is  l i n e a r ,  t h e r e  is  a p o s s i b i l i t y  

t h a t  i t  i s  i n t e r s e c t e d  by a pa th  

ind ica t ed  i n  F igure  5.4. 
pa ths  i s  r e f e r r e d  t o  RS a b i f u r c a t i o n  p o i n t  and t h e  

c a l l e d  t h e  b i f u r c a t i o n  buckling load. 

I f  t he  pa th  d e p i c t s  

Due t o  the  nonline&r cha rac t e r  of t h e  gov- 

corresponding to  a secondary s o l u t i o n  as 

The po in t  of i n t e r s e c t j o n  between t h e  two load 

corresponding load is 

.... 5-5 
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Bifu rca t ion  p o i n t s  can be found by use of a l i nea r i zed  ana lys i s .  

This  i s  d iscussed  i n  more d e t a i l  i n  Sec t ion  7. The equations t h a t  govern 

t h e  s t r u c t u r a l  behavior are of t h e  form g;. 1:. .. 

where L is a nonl inear  d i f f e r e n t i a l  opera tor .  

ibrium c o n f i g u r a t i o n o n t h e  primary pa th ,  then L(u ) 3 0. 

i n t e r s e c t i o n  wi th  a secondary pa th  Eq. (5.1) must have inu l t iy le  so lu t ions .  

The ex i s t ence  of mul t ip l e  so lu t i c i i s  can be  determined from 

I f  u r ep resen t s  a n  equi l -  

A t  any poin t  of 
0 

0 

L(u + A b )  - L(u0) = 0 
0 

(5.2) 

A l l  terms i n  t h i s  equation t h a t  do no t  con ta in  t h e  incremental d i m l a c e -  

ment Au cance l  one another  s i n c e  L(uo) = 0. 

itesimal so  t h a t  h igher  order  terms may be  omitted,  Eq. (5.2) becomes homo- 

geneous. 

primary pa th .  

i n d i c a t e s  t h e  presence of a b i f u r c a t i o n  po in t .  This va lue  of t h e  load 

parameter i s  t h e  eigenvalue and t h e  n o n t r i v i a l  s o l u t i o n  f o r  Au Ts t he  eigen- 

func t ion  o r , f o r  a d i s c r e t e  s y s t e m , t k  eigenvector.  

t h e  deformation mode on the  secondary pa th  i n  t h e  im 'ed ia t e  neighborhood of 

t h e  b i f u r c a t i o n  poin t .  This deformation p a t t e r n ,  the buckling mode, is d i s -  

t i n c t  from t h e  deformation p a t t e r n  on t h e  primary path. 

occur only i n t o  some d e f o r x t i o u  p a t t e r n  t h a t  i s  orthogonal t o  the  deform- 

a t i o n  p a t t e r n  on t h e  primary path. 

I f ,  i n  add i t ion ,  Au i s  i n f i n -  

The t r i v i a l  s o l u t i o n  Au = 0 corresponds t o  equilibrium on t h e  

The ex i s t ence  of a n o n t r i v i a l  s o l u t i o n  a t  some load level 

The ezgsnrunction d e f i n e s  

Bi furca t ion  can 

The meaning of t h i s  o r thogona i i ty  requirement may be c l a r i f i e d  by 

observa t ion  of t h e  behayior of a s t r u c t u r e  with some degree of tmperfection. 

I f ,  f o r  example, a column has  some small i n i t i a l  curva ture  o r  m m e  eccen- 

t r i c i t y  i n  loading, t h e  s t r a i g h t  form is not  an equi l ibr ium conf igura t ion  

a t  any load  l e v e l .  There is  no S i f u r c a t i o n  po in t ,  bu t  t he  Frimary pdth 

f o r  t he  imperfect coluim gradual ly  approaches t h e  secondary pa th  f o r  t h e  

p e r f e c t  column as ind ica t ed  i n  Figure 5.4. 
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It can be shown t h a t  t he  equi l ibr ium on t h e  primary pa th  loses 

i t s  s t a b i l i t y  a t  tile f i r s t  b i f u r c a t i o n  poin t .  

s t a b i l i t y  can be determined e i t h e r  through cons idera t ion  of ad jacen t  equ i l -  

ib r ium as  discussed above o r  through a cons ide ra t ion  of t h e  t o t a l  p o t e n t i a l  

energy of t h e  system. The s t r u c t u r e  w i l l  cease t o  be 2n s t a b l e  equi l ibr ium 

when t h e  load is r a i s e d  t o  such a level t h a t  the  t o t a l  p o t e n t i a l  energy is  

no longer a t r u e  minimum. That is ,  t h e  level a t  which t h e  second v a r i a t i o n  

of  t h e  p o t e n t i a l  energy ceases  t o  be p o s f t i v e  d e f i n i t e .  

i n i t i a l l y  crooked column i l l u s t r a t e s  a t h i r d  somewhat less p r e c i s e  way t o  

determine t h e  l i m i t  of s t a b i l i t y :  

a nonl inear  a n a l y s i s  w i l l  i n d i c a t e  raprd  growth of t he  secondary defornia- 

t i o n  mode as  t h e  b i f u r c a t i o n  po in t  is epproached. 

Consequently, t h e  l i m i t  of 

The heSavior of t h e  

With a very  smal l  imperfection included, 

To these  t h r e e  s t a b i l i t y  cr i ter ia ,  Z ieg le r  (Ref. 5.1) adds a kin- 

e t i c  c r i t e r i o n .  

m i c  a n a l y s i s .  

deformation. 

a v i b r a t i o n  wi th  cons tan t  o r  decreasing amplitude. I f  t he  equi l ibr ium is 

uns t ab le  according t o  any of t h e  t h r e e  s ta t ic  cr i ter ia ,  the  s t r u c t u r e  w i l l  

n o t  r e t u r n  t o  t h e  i n i t i a l  s t a t e  but  w i l l  move toward some o t h e r  eqa i l ib r ium 

pos i t i on .  

t h e  type of i n s t a b i l i t y  t h a t  manlreots i t s e l f  as a self-induced v ib ra t ion .  

In  summary then, t he re  are Iou r  s t a b i l i t y  criteria: 

S t a b i l i t y  a n a l y s i s  according t o  t h i s  c r i t e r i o n  r e q u i r e s  a dyna- 

The s t r u c t u r e  under load  i s  re l eased  a f t e r  i t  is given a s m a l l  

It i s  i n  s t a b l e  equi l ibr ium only i f  t h i s  procedure r e s u l t s  i n  

Z i e g l e r ' s  k i n e t i c  s t a b i l i t y  c r i t e r i c n  w i l l  i n  a d d i t i o n  r e v e a l  

0 The Adjacent Equilibrium C r i t e r i o n ;  

The Energy C r i t e r i o n ;  

The Imperfection C r i t c r i o n ;  and 

0 The Kindtic C r i t e r i o n .  
4 

The f i r s t  t h r e e  are equ iva len t ,  but the  fou r th  adds a C q d b i i i t y  

X v i b r a t i o n  with inc reas ing  amplitude 

The work d m e  by a conserva t ive  

Consequently, f o r  a system 

t o  p r e d i c t  self-indcced v i b r a t i o n s .  

means t h a t  energy is added t o  the  system. 

load system a long  a closed loop equals  zero. 

i n i t i a l l y  a t  rest, t h i s  form of i n s t a b i l i t y  can only OCCUI if the  ioad sys- 

t e m  i s  nonconservative. For systems i n  motion, such as r o t a t i n g  s h a f t .  

. ... 
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self-induced v i b r a t i o n s  are p o s s i b l e  (cri t ical  rpm) even wi th  conserva t ive  

systems. For such cases, i n s t a b i l i t y  can s t i l l b e p r e d i c t e d  by use  of t he  

energy c r i t e r i o n .  The k i n e t i c  c r i t e r i o n  i s  only needed f o r  a n a l y s i s  of 

systems w i t h  nonconservative forces .  

5.3 The Consequences of I n s t a b i l i t y  

The p r h a r y  i n t e r e s t  of a s t r u c t u r a l  des igner  is  no t  whether one 

form of equi l ibr ium o r  another  is stablp,, but r a t h e r  how the  s t r u c t u r e  res- 

ponds t o  a given loading environment i n  terms of stresses and deformations. 

The s t a b i l i t y  cr i ter ia  will  be meaningful only i f  i t  can be pred ic t ed  a l s o  

how c n s t a b i l i t y  i n  a given case a f f e c t s  t h e  genera l  s t r u c t u r i l  behavior. 

. . . . . . . . . .. . . . . . 

The case i n  which s t a b i l i t y  is  l o s t  a t  a l i m i t  po in t  w i l l  be con- 

s i d e r e d  f i r s t .  I f  t h e  load i s  con t ru l l ed ,  r a t h e r  than che displacement, 

t h e  S t r u c t u r e  w i l l  be  set i n  motion when the  c r i t i c a l  load is exceeded. 

Exactly how v i o l e n t  t h e  snap-through i s  and how badly deformed t h e  s t ruc -  

t u r e  i s  a f t e r  i t  has come t o  rest  i n  another s t a b l e  equi l ibr ium configura- 

t i o n  can only  be determined by use of a postbuckling ana lys i s .  A t r u e  rep- 

r e s e n t a t i o n  of t h e  s t r u c t u r a l ' b e h a v i o r  w i l l  be gained i f  a f t e r  s ta t ic  load- 

i n g  t o  R lcvel j u s t  below t h e  l i m 5 t  p o i n t ,  the  a n a l y s i s  i s  r e s t a r t e d  i n  a 

dynamic mode ( inc lua ing  rlznping) a t  a load level j u s t  above t h e  l i m i t  po in t .  

Hoxever, i t  i s  u s u a l l y  assumed t h a t  a l i m i t  po in t  r ep resen t s  t h e  u l t ima te  load 

c a r r y i n g  c a p a b i l i t y  of t h e  str 'clcture, although i t  is  p o s s i b l e  i n  a complex, 

redundant s t r u c t u r e  t h a t  t he  snap-through only occurs i n  d s m d . 1  and r a t h e r  

i n s i g n i f i c a n t  p a r t  of t h e  s t r u c t u r e .  

Tine e f f e c t  of b i f u r c a t i o n  on t h e  genera l  s t r u c t u r a l  behavior is 

no t  immediately clear. A s  t h e  equi l ibr ium on the  primary pa th  l o s e s  i t s  

s t a b i l i t y  a t  t h e  b i f u r c a t i o n  po in t ,  t he  s t r u c t u r a l  behavior beyond b i furca-  

t i o n  is governed by t h e  cond i t ions  on t h e  secondary path. 

t i o n  pctint s i g n i f i e s  a load l e v e l  at rjlticil a new deformation p a t t e r n  begins 

to develop. The primary pa th  d e f i n e s  t h e  prebuckfing behavior and t h e  sec- 

ondary pa th  t h e  postbuckling behavior. I f  t h e  equi l ibr ium on t h e  secondary 

path is s t a b l e  a t  t h e  b i f u r c a t i e n  po in t ,  t he  s t r u c t u r e  mz; have considerable 

Thus a b i furca-  
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postbuckling s t r eng th .  The l o s s  of s t a b i l i t y  of t he  equi l ibr ium on t h e  p r i -  

mary pa th  need not,mean t h a t  t he  s t r u c t u r e  co l l apses .  

equi l ibr ium on t h e  secondary pa th  is  uns tab le  a t  t h e  b i f u r c a t i o n  po in t ,  buck- 

l i n g  is  sudden and the  buckling load of t he  s t r u c t u r e  may be s e n s i t i v e  tn im-  

per fec t ions .  The behavior of t h e  s t r u c t u r e  is much t h e  same as i t  is  at a 

l i m i t  po in t .  Acutaily,  i f  a s m a l l  imperfection i n  t h e  form of t h e  buckling 

mode is  included, a l i m i t  po in t  w i l l  occur j u s t  below the  b i f u r c a t i o n  p o i n t  

f o r  the  p e r f e c t  s t r u c t u r e .  Three d i f f e r e n t  types  of behavior a t  a b i furca-  

t i o n  po in t  are i l l u s t r a t e d  i n  Figure 5.5. 

On t h e  o t h e r  hand, i f  

The type of behavior i nd ica t ed  by case (a) corresponds t o  s t a b l e  

ecjui1ibr.i.m on the  postbuckling branch. I n  such a case, t h e  occurrence of 

b i f u r c a t i o n  may be r a t h e r  inconsequential .  One such example is t h e  spher- 

i c a l  s h e l l  subjec ted  t o  a poinc load, ic wkich case b i f u r c a t i o n  means t h a t  

t h e  dimple around t h e  po in t  load slowly begins t o  ova l i ze .  

i n  s t i f f n e s s ,  i.e., i n  t h e  s lope  of t h e  load displacement curve,  i s  b a r e l y  

not iceable .  

s i d e r a b l e  lateral  displacement a t  load levels only  s l i g h t l y  above t h e  b i f u r -  

c a t i o n  buckling load. The cases  (b) a d  (c) i n d i c a t e  the  s t r u c t u r a l  be- 

havior i n  case t h e  equi l ibr ium is  uns t ab le  on t h e  secondary path.  

po in t  f o r  t h e  imperfect s t r u c t u r e  may be w e l l  below the b i f u r c a t i o n  p o i n t  

f o r  t h e  p e r f e c t  sti-xttlre. 

The reduct ion  

On t h e  cither hand, a column under an  a x i a l  load shows a con- 

The l i m i t  

Deta i led  information about t h e  s t r u c t u r a l  behavior beyond b i fu r -  

c a t i o n  can be obtaincd i f  t h e  secondary pa th  i s  t r aced  through s o l u t i o n  of 

t h e  nonl inear  equi l ibr ium equations.  However, l i m i t e d ,  but sometimes u s e f u l ,  

information s a y  be obtained by use  of t he  Koiter Theory (Ref. 5.2).  

t L e 0 i - Y  Fs Lased on determination of t h e  s t a b i l i t y  of equi l ibr ium on t h e  

i n t e r s e c t i n g  secondary pa th  a t  t h e  b i f x c a L i o n  point.  

which of t he  t h r e e  c a s e s i n 9 i Z u r e  5.4 r ep resen t s  the  s t r u c t u r a l  behavior. 

This 

It does determine 

e I 

5.4 S t a t i c  S t a b i l i t y  Analysis - 

Before the  high speed c o q u t e r  became available, s o l u t i o n s  were 

obtained t o  some buckfing problems wfth l i n e a r  p r e c r i t i c a l  behavior. For 

example, Euler solved t h e  problem of columr, 5 w k l i n g  more than 200 yea r s  
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ago and Lorenz published a s o l u t i o n o f  theb iEurca t ion  buckling problem f o r  

an a x i a l l y  loaded cy l inde r  i n  1911. 

for  some simple cases i n  which lo s s  of s t a b i l i t y  occurs a t  a l i m i t  po in t .  

Notable i s  t h e  a n a l y s i s  by Braz ier  i n  1926 of t h e  co l l apse  of long cy l inde r s  

i n  bending. 

computers f i r s t  were engaged i n  s t a b i l i t y  ana lys i s .  

computer w a s  used t o  improve previous ly  e x i s t i n g  s o l u t i o n s  i s  provided by 

t h e  a n a l y s i s  of buckling of c y l i n d e r s  ir, bending by Seide and iJeingarten 

(Eef. 5 . 3 ) .  Buckling of c y l i n d r i c a l  sheLls under a x i a l  compression w a s  

considered by S t e i n  i n  Ref. 5.4,  wfiere  i t  f i r s t  i s  recognized t h a t  S i fu r -  

c a t i o n  is p o s s i b l e  even i f  t h e  primary pa th  i s  nonl inear .  The production 

o f  des ign  c h a r t s  f o r  t h e  handbooks remained the  main purpose of s t a b i l i t y  

a n a l y s i s  f o r  a few yea r s  a f t e r  i n t roduc t ion  of t h e  high speed computet. 

Eventually,  more complex problems were solved and t h e  number of independ- 

e n t  parameters became too  l a r g e  t o  a l low simple g raph ica l  r ep resec t a t ion .  

A t  t h a t  po in t  t h e  r e sea rch  and developrncnt department would hand a s p e c i a l  

purpose program t o  t h e  stress a n a l y s t ,  who performed t h e  s t i l l  r e l a t i v e l y  

s5mple du ty  of punching i n p u t  ca rds  and reading a c r i t i c a l  load from t h e  

output .  

Approximate s o l u t i o n s  w e r e  obtained 

Somewhat more d i f f i c u l r  problems could be  handled when d i g i t a l  

An example of how the  

.... .. ... - 
The in t roduc t ion  of multipurpose ~ Z t s  inc luding  e f f e c t s  of stab- 

i l i t y  and geometric n o n l i n e a r i t i e s  hzs g r e a t l y  enhanced t h e  c r p a b i l i t y  of 

making accu ra t e  a n a l y s i s  of complex s t r u c t u r e s ,  bu t  i t  has a i s o  enormously 

increased  t h e  burden on the  stress ana lys t .  The str’ess a n a l y s t  musi: ncw 

make major dec i s ions  regard ing  modelfng of t h e  s t r u c t u r e  and a n a l y s i s  pro- 

cedure  so t h a t  f a i l u r e  i s  avoided withelit unnecessary p e n a l t i e s  i n  weight 

o r  c o s t .  Consequently, he must have a r e l a t i v e l y  gcad understanding of t h e  

basic: p r i n c i p l e  underlying t h e  theory  of s t r i i c t u r a l  s t a b i l i t y .  Some of 

these  ideas  were discussed above and a d d i t i o n a l  d e t a i l  is given i n  mcdern 

textbooks such as Ref. 5.5. 

t u r e s  is discussed i n  t h e  following. 

The p r a c t i c a l  approach t o  some s p c c i f i c  s t r u c -  

F l a t  j l a t e s  wi th  6nly  inp lane  locding  e x h i b i t  l i n e a r  behavior cn 

the primary path.  I f  compressive stresses are p resen t ,  t h e r e  w i l l  be a 
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b i f u r c a t i o n  po in t .  

begin t o  develop a t  t h e  b i f u r c a t i o n b u c k l i n g l o a d .  

t h e  buckling load r ep resen t s  a load l e v e l  a t  which la teral  displacements 

grow more r ap id ly .  

edges can c a r r y  loads  w e l l  above t h e  b i f u r c a t i o n  buckling load. 

due t o  t h e  f a c t  t h a t  a stress r e d i s t r i b u t i o n  t a k e s  p lace  so t h a t  more load  

i s  c a r r i e d  by t h e  material t h a t  is c l o s e  t o  t h e  supported edges. 

con ta in  des ign  c h a r t s  and simple formuias f o r  buckling loads and u l t ima te  

loads  of r ec t angu la r  and c i r c u l a r  p l a t e s  with uniform loading. 

complex cases, m l t i p a r p o s e  programs can be used. 

a n a l y s i s  of f l a t  p l a t e s ,  t he  number of degrees of freedom can be reduced. 

A l l  r o t a t i o n s  and la teral  displacements vanish  on t h e  primary pa th  and a l l  

i np lane  displacements vanish  on t h e  secondary pa th  ( i n  the buckling mode). 

In  a n a l y s i s  w i t h  STAGS, i t  is poss ib l e  t o  suppress such freedoms wi th  d a t a  

ca rds  and thus  reduce computer rnntime. However, i n  a postbuckling a n d y -  

sis, i t  i s  necessary  t o  inc lude  a l l  freedoms. 

If t h e  p l a t e  is p e r f e c t l y  f l a t , l a t e r a l  displacements 

For the  imperfect p l a t e ,  

1: has  long been known t h a t  t h i n  p l a t e s  wi th  supported 

This is 

Handbooks 

For more 

For b f f u r c a t i a n  buckling 

I f  a postbuckling a n a l y s i s  is used f o r  computation of t he  u l t i m a t e  

load ,  it i s  necessary  t o  inc lude  a s m a l l  imperfection OK load e c c e n t r i c i t y .  

Otherwise t h e  computer r e s u l t s  obtained w i l l  r ep resen t  those  on t h e  uns t ab le  

primary path.  The behavior of f l s t  p l a t e s  under compression o r  shear i s  

gene ra l ly  of t h e  type represented by case <a) in Figure 5.5. The equations 

f o r  t he  p e r f e c t  p l a t e  havz mul t ip l e  s o l u t i o n s  - a t  loads  zbove t h e  b i f u r c a t i o n  

buckling load. 

load through s o l u t i c z  of t h e  nonl inear  equations,  ex t rapola ted  va lues  are 

u s u a l l y  used as i n i t i a l  estimates. Since the  procedure tends  t o  converge 

toward t h e  s o l u t i o n  closesi:  t o  t h e  esttmtes,  t h e  s o l u t i o n  cannot be expected 

to au tomat i ca l ly  leave  t h e  t r i v i d  primary pa th  a t  t h e  b i f u r c a t i o n  po in t  and 

t u r n  onto t h e  secondary path. However, when t h e  s o l u t i o n  procedure re- 

q u i r e s  r e f a c t o r i n g  of t h e  c o e f f i c i e n t  matrix a f t e r  a b i f u r c a t i o n  po in t  i s  

passed (see Sec t ion  '7), i t  xi11 be found t h a r  che mat r ix  is n o t  p o s i t i v e  

d e f i n i t e .  This  means t h a t  the s t r u c t u r a l  conf igura t ion  de f i ze?  by the  

a n a l y s i s  is n o t  i n  s t a b l e  equilibrium. 

I f  equi l ibr ium conf igu ra t ions  are determined under inc reas ing  

f 

(;.'::?- 
In o rde r  t o  f ind  s o l u t i o n s  on t h e  secondary branch, i t  is neces- 

s a r y  t o  r e r u n  t h e  case inc luding  a small imperfection, 6s t h a t  t he  s o l u t i o n  
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follows a pa th  l i k e  t h e  dashed curve i n  Figure 5.5, case (a). An i n p o r t a n t  

.... i observa t ion  may be made here. I f  t h e  s o l u t i o n  r ep resen t ing  uns tab le  equ i l -  

ibrium f o r  t h e  p e r f e c t  s t r u c t u r e  i s  s u b s t i t u t e d  i n t o  t h e  equi l ibr ium equa- 

t i o n s  f o r  t h e  imperfect s h e l l ,  t he  ind iv idua l  eqGations w i l l  no t  be i n  bal-  

ance but  t h e  r e s i d u a l s  xi11 be very s m a l l .  

smaller r e s i d u a l s  and unless  t h e  convergence c r i t e r i o n  used is s u f f i c i e n t l y  

severe,  a f a l s e  s o l u t i o n  may be accepted by t h e  computer. 

of a t r u e  but  uns t ab le  equi l ibr ium conf igura t ion ,  r e fac to r ing  would show 

t h a t  t h e  matrix is  not  p o s i t i v e  d e f i n i t e  ( the  computer cutput i n d i c a t e s  

t h e  presence of nega t ive  roo t s ) .  

and t h e  demands on computer economy set an  upper l i m i t  f o r  t h e  convergence 

c r i t e r i o n ,  t h e  p o s s i b i l i t y  must be recognized t h a r  t>e computer w i l l  a ccep t  

a s o l u t i o n  t h a t  i e a d s  t o  s m a l l  r e s i d u a l s  i n  t h e  equation system bu t  s t i l l  

does not  a t  a l l  r zp rcsen t  s t r u c t u r a l  behavior. The ex is tence  of f a l s e  con- 

vergence i s  no t  r e s t r i c t e d  t o  f l a t  p l a t e s ,  bu t  i t  rep resen t s  a problem t h a t  

o f t e n  appears i n  nonlinear s t r u c t u r a l  ana lys i s .  

i n d i c a t e  a problem of t h i s  n a t u r e  i t  is  necessary t o  re run  t h e  case  wi th  a 

l a r g e r  imperfecLion amplitude t o  t r i g g e r  the secondary deformation mode o r  

pnss ib ly  wi th  a more severe  convergence c r i t e r i o n .  

Smaller imperfections lead  t o  

A s  i n  t h e  case 

Since the  ex i s t ence  of roundoff e2ztors 

Whenever nega t ive  r o o t s  

~..... . 

--- A shel-1 of r evo lu t ion  wi th  axisymmetric loading e x h i b i t s ,  i n  gen- 

eral, nonl inear  prebuckling behavior. 

p ressure  s o f t e n s  wi th  load and a to rosphe r i ca l  p re s su re  vessel head under 

i n t e r n a l  p re s su re  s t i f f e n s .  

lapse a t  a l i m i t  point.  

b i f u r c a t i o n  occurs i n t o  a nonsymmetric defarmation Gaze. 

A shallow s p h e r i c a l  cap under e x t e r n a i  

One poss ib l e  f a i l u r e  mode 5 q  axis;mmetric co l -  

Another p o s s i b i l i t y  is that  s t a b i l i t y  is l o s t  as  

I f  aSvantage is taken of symmetry, s t a b i l i t y  a n a l y s i s  of axisym- 

m e t r i L  s h e l i s  becozzs r e l a t i v e l y  inexpensive. 

form bu(x,$~) = Au(x) 

t i a l  coord ina te  sad n t h e  number of c i r cumfe ren t i a l  waves -in t h e  buckling 

niode. 

t h e  axisymmetrie nrebuckling state. 

t k r e  exists an equilibrium pa th  i n  t h e  load displaceiitsnt space. 

The e igenfunct ions  are of t h e  

sin(n$) o r  du(x)cos (n$) where Q is  t h e  circumferen- 

These buckling modes are mutually orthogonal aiid a l s o  orthogonal t o  

Corresponding t o  each buckling mode 

Sone of 

..... 
c.. .. .. . 
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these pa ths  passes through t h e  o r i g i n  b u t  a number of them may i n t e r s e c t  

t h e  primary pa th  and each of t hese  i n t e r s e c t i o n s  corresponds t o  a b i furca-  

t i o n  point. 

According t o  t h e  d i scuss ion  above, b i f u r c a t i o n  need no t  be  a 

c r i t i ca l  condi t ion .  For example, i f  a s p h e r i c a l  cap  i s  loaded by a n  inward 

r a d i a l  ? o i n t  f o r c e  a t  t h e  apex, t h e  lowest b i f u r c a t i o n  po in t  corresponds t o  

buckling i n t o  two waves. Beyond b i f u r c a t i o n ,  t h e  two-wave deformation Fat-  

t e r n  grows slowly under inc reas ing  load. 

occurs  approximately a t  o r  even below the  b i f u r c a t i o n  po in t  because t h e  ampli- 

t ude  of t h e  mode grows very  r a p i d l y  beyond b i f u r c a t i o n ,  o r  because t h e  equi l -  

ibrism on t h e  secondary pa th  i s  uns tab le .  

I n  o t h e r  cases ,  s t r u c t u r a l  f a i l u r e  

If i t  i s  s u f f i c i e n t  t o  c o m i d e r  axixymmetric c o l l a p s e  and b i furca-  

t i o n  only,  t h e  s t a b i l i t y  a n a l y s i s  f o r  t h e  axisymmetrically loaded s h e l l  of 

r e v o l u t i o n  is reduced t o  a one-dimensional problem ( i . e . ,  t h e  problem can 

be solved by use of ord inary  d i f f e r e n t i a l  equations).  

f o r  t h e  s h e l l  can be found i n  t h e  following way: 

equat ions  are solved under stepwise inc reas ing  load. 

t h e  va lue  of t b e  determinant of t h e  c o e f f i c i e n t s  i n  the homogeneous system f o r  

incremental  disFlacements (Cf. E?. 5.2) is computed f o r  a range  of va lues  of 

n. 
determinant - changes s ign ,  o r  u n t i l  axisymmetric c o l l a p s e  occurs. The 

lat ter case is  5r?dicated by a h o r i z o n t a l  s lope  i n  a graph d e p i c t i n g  t h e  load 

v e r s u s  some t y p i c a l  displacement. 

displacement t h e  c o i l a p s e  load  may be more e a s i l y  recognized as the 1 c d  a t  

which t h e  s t a b i l i t y  determinant becomes zero. 

The c r i t i ca l  io-tld 

The non l inea r  prebuckling 

For each load s t e p ,  

YLe computations are continued u n t i l  f o r  some va lue  of n t h i s  - R t h L i l i t y  _-_ 

I f  t h e  load is con t ro l l ed  r a t h e r  chen some 

A one-dimensfczal a ~ a l y s i s  i-s poss ib l e  as long as there is  no need 

For t o  trace t h e  secondary branch o r  t o  inc lude  nonsymmetric imperfections.  

such cases, s p e c i a l  programs e x i s t  End should be more e f f i c i e n t  than t h e  

more genera l  codes such as STAGS. 

b i l i t y  t o  compute b i f u r c a t i o n  froill a nonl inear  b a s i c  stress s ta te  is  in- 

cluded. 

I n  BOSOR (Ref. 5 . 6 ) ,  f o r  example, a capa- 

This  b i fu rcac icn  buckling a n a l y s i s  is based on t h e  t a n g e n t i a l  s t i f f -  
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n e s s  a t  some po in t  on t h e  nonl inear  primary path. Since t h e  t a n g e n t i a l  

s t i f f n e s s  varies wi th  the  load l e v e l ,  t he  b i f u r c a t i o n  po in t  is ex- 

a c t l y  loca t ed  only i f  t h e  eigenvalue equals  zero. 

used i n  BOSOR t o  c l o s e  i n  on a t r u e  b i f u r c a t i o n  po in t  i s  i l l u s t r a t e d  i n  

F igure  5.6 f o r  a s t i f f e n i p g  s t r u c t u r e .  The f i r s t  estimate of t h e  c r i t i ca l  

load  can be determined by use  of a l i n e a r  bas i c  stress state. 

l i n e a r  equat ions  are solved a t  t h i s  load l e v e l  dnd subsequently a new 

b i f u r c a t i o n  buckling load  i s  computed. 

t inued  as ind ica t ed  i n  t h e  f i g u r e  u n t i l  t h e  eigenvalue is s u f f i c i e n t l y  

c l o s e  t o  zero. For so f t en ing  system t h e  i n i t i a l  estimate is  l i k e l y  t o  

overestimate t h e  c r i t i ca l  load. Such an overestimate may r e s u l t  i n  t h e  

presence of nega t ive  r o o t s  o r  i n  f a i l u r e  of convergence i n  t h e  following 

a t tempt  t o  s o l v e  t h e  non l inea r  prebuckling equations.  For such cases, a 

scrmewhat more complfcated s t r a t e g y  i s  provided i n  the  program. 

One of t h e  procedures 

The non- 

This i t e r a t i v e  procedure is con- 

.... . .. 

The e f f e c t  of prebuckling n o n l i n e a r i t y  on t h e  b i f u r c a t i o n  buck- 

l i n g  load f o r  axisymmetrically loaded s h e l l s  of r evo lu t ion  I s  of t en  ins ig-  

n i f i c a n t .  For a x i a l l y  loaded cy l inde r s ,  with clamped edges, t h e  e f f e c t  i s  

t o  reduce t h e  c r i t i ca l  load by about 10%. On t h e  o t h e r  hand, f o r  a spher- 

i c a l  cap prebuckling n o n l i n e a r i t y  may reduce t h e  c r i t i ca l  load  by about 40% 

or more. For a s t i f f e n i n g  system, a b i f u r c a t i o n  buckling aml j s i s  based on 

a l i n e a r i z e d  primary pa th  may l o c a t e  a b i f u r c a t i o n  po'int although i n  r e a l i t y  

buckling w i l l  n o t  occur. Such a n  example i s  given i n  Rei-. 5.7 i n  which a 

to rosphe r i ca l  p re s su re  vessel head under i n t e r n a l  p re s su re  is considered. 

The l i m i t  po in t  corresppnding t o  a x i s p m e t r i c  co l l apse  usua l ly  

r e p r e s e n t s  a n  upper bound of loading. This l i m i t  is  generzl-ly not SCLI&- 

t ive  t o  imperfecZkns.  

formatioi: is o f t en  ceeded about poss ib l e  postbuckling s t r e n g t h  o r  imperfec- 

Lion s e n s i t i v i t y .  It is q u i t e  f e a s i b l e ,  fo r  example, t h a t  axisymmetric 

c o l l a p s e  is c r i t i c a l  f o r  t he  p e r f e c t  s t r u c t u r e ,  bu t  a s l i g h t l y  imperfect 

s t r u c t u r e  buckles i n t o  a nonsymmetric mode. Such i s  t h e  case f o r  a cy l in-  

d e r  under an  a x i s 1  load combined wi th  a small  i n t e r n a l  pressure .  This case  

may se rve  to  i l l u s t r a t e  one of t h e  many p i t f a l l s  i n  nonl inear  s t r i x t v r a l  

ana lys i s .  

On t h e  o t h e r  hand, i f  bufurca t ion  i s  c r i t i c a l ,  in- 

. .  
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Figure 5.6. Bi furca t ion  Buckling w i t h  Nonlinear Basic S t r e s s  
S t a t e  

I 
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Knowledge about p o s t - c r i t i c a l  behavior can  be gained i f  t h e  

secondary p a t h  of  equi l ibr ium is t raced .  

mode r e p r e s e n t s  t h e  deformation p a t t e r n  on the  secondary pa th  wi th in  

a n  i n f i n i t e s i m a l  neighborhood of t h e  b i f u r c a t i o n  po in t  but the sinus- 

o i d a l  buckling p a t t e r n  becomes d i s t o r t e d  away from t h e  b i f u r c a t i o n  point.  

Therefore,  a one-dimensional a n a l y s i s  is no t  s u f f i c i e n t  f o r  t h e  a n a l y s i s  

of postbuckling bchavior o r  of imperfect s h e l l s .  

behavior t h e  secondary p a t h  can  r e a d i l y  be found by cons idera t ion  of a 

shell  w i t h  a small imperfection. 

long  as i t  is no t  orthogonal t o  t h e  buckling mode corresponding t o  t h e  

lowes t  eigenvalue. If f o r  t h e  imperfect s t r u c t u r e  the  load i s  gradual ly  

increased  t o  a level above, t h e  b i f u r c a t i o n  po in t ,  so lu t ions  are obtained 

which are c l o s e  t o  t h e  displacements on t h e  secondary path f o r  t h e  p e r f e c t  

s t r u c r u r e .  These can be used as s t a r t i n g  va lues  i f  the secondary pa th  f o r  

the p e r f e c t  s t r u c t u r e  i s  des i r ed .  

The eigenfunction or buckling 

With s t a b l e  postbuckling 

This  imperfection can have any form as 

. . . . . . . . . ... 

I f  t h e  equilfbr.ium on t h e  secondary pa th  is  uns tab le ,  a s t r a i g h t -  

forward nonl inear  a n a l y s i s  of a s h e l l  w i t h  an imperfection l e a d s  t o  t h e  

l i m i t  po in t .  

t h i s  case. 

the load a t  t h e  l i m i t  po in t .  Thn_ a t i r e  pa th  can o f t en  be computed i f  a 

displacement i s  con t ro l l zd  r a t h e r  than t h e  load  (cont ro l led  end shor ten ing ,  

f o r  example). 

make i t  easier t o  f i n d  s o l u t i o n s  bevond t h e  l i m i t  po in t  i n  t h e  case of con- 

t r o l l e d  load, One poss ib l e  method is t o  so lve  t h e  nonl inear  equations by 

u s e  of  dynamic r e l a x a t i o n  ( see  Sec t ions  5.3 and 7.3). 

To determine t h e  e n t i r e  secondary pa th  is nore  d i f f i c u l t  i n  

However, i t  i s  g e n e r a l l y  s q f f i c i e n t  t o  determine t h e  va lue  of 

Recent research  papers have propsoed procezures t h a t  would 

-I__- A s h e l l  of r evo lu t ion  a e s t g s  2 nonsymmetric l oad ing  w i l l  gen- 

e r a l l y  lose s t a b i l i t y  a t  a l i m i t  po in t .  

l oad ing  con ta ins  one o r  more p lanes  of symmetry. 

t i o n  modes t h a t  are antisymmetric wi th  r e s p e c t  t o  such a p l ane  are orthogonal 

t o  t h e  deformation p a t t e r n  on t h e  primary path and these. are poss ib l e  b i f u r -  

c a t i o n  buckling modes. , 

Bifurca t ion  i s  p o s s i b l e  Vbenever t h e  

I n  t h a t  csse a l l  defornla- 

I- ' [' ... ... . . . . . .. . . 
k:::::::: 
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* Whenever symmetry p lanes  i n  the  loading co inc ide  wi th  symmetry 

p lanes  i n  t h e  s t r v c t u r e ,  t h e  s i z e  of t h e  problem can be reduced. I n  a non- 

l i n e a r  a n a l y s i s  of t h e  equi i ibr ium canf igu ra t ion  on t h e  primary pa th ,  i t  is 

assumed t h a t  t h e  displacements are symmetric wi th  r e spec t  t o  such planes. 

A t  s e l e c t e d  load s t e p s ,  t h e  determinant of the c o e f f i c i e n t s  i n  t h e  equat ions  

f o r  t h e  incremental  displacements can  be computed. 

with xespect t o  t h e  symmetry plane. 

would i n d i c a t e  a b i f u r c a t i o n  i n t o  a n  antisymmetric pa t t e rn .  

ble a l s o  t o  use repea ted ly  t h e  eigenvalue a n a l y s i s  based on a nonl inear  

basic stress state and t z n g e n t i a l  s t i f f n e s s  (see Figure 5.6). 

t h e  load on which t h e  b a s i c  stress state is  based is  a b i f u r c a t i o n  bucbling 

load  o r  a i i r c i t  po in t  i f  t h e  computed eigenvalue equa l s  zero. An automatic 

procedure t o  c l o s e  i n  on a b i f u r c a t i o n  po in t  as d iscussed  above is probably 

n o t  s u i t a b l e  f o r  s h e l l s  wi th  nonsymmetric loading er f o r  gene ra l  s h e l l s  

because convergence can only be  obtained i f  very good i n i t i a l  estimates are 

a v a i l a b l e  f o r  t h e  nonl inear  prebuckling ana lys i s .  

These are antisymmetric 

A change of s i g n  i n  t h i s  determinant 

It is possi-  

I n  t h a t  case, 

i 
A s  a n  alternate procedure, no advantage is taken of t k  symmetry. 

The e n t i r e  s t r u c t u r e  is included i n  the  a n a l y s i s  and a s m a l l  antisymmetric 

imperfection is added. This method may be  sonewhat more expensive, bu t  i t  

y i e l d s  some informc;:iun about poss ib l e  postbuckling s t r e n g t h .  

c r i t i ca l  Y G X I  is approached t h e  a n t i s - p m e t r i c  ccnponent w i l l  begin t o  grow 

more rap id ly .  However, t h e  convergevcc c r i t e r i o n  does no t  d i s t i n g u i s h  de- 

format ion  i n  t h e  buck1in.g mode from t h e  t o t a l  deformation. Therefore, i f  

t h e  imperfection i s  too small, i ts relative growth may be r ap id  bu t  s t i l l  

remain small ix compar i son to the  growth of t h e  to ta l  displacements. This 

r ep resen t s  t h c  ?ypc nf behavior r c f e r r e d  t o  as f a l s e  convergence i n  t h e  

d i scuss ion  of f i a t  p l a t e s  above. 

n o t  s a t i s f y  t h e  equat ions  bu t  t h e  r e s i d u a l s  i n  rill t k  equations are small. 

The false s o l u t i o n  is  accepted becarrse i t  corresponds t o  s m a l l  r e s i d u a l s  

( e r ro r s )  i n  t h e  e q u z t i x  system. 

of t h e  matrix. 

When the  

The symmetric displacement pz:tern does 

The problem w i l l  be reveal-ed on f a c t o r i n g  

r 

The risk t h a t  Zlic computer w i l l  accept  a faise  s o l u t i o n  is not  

l imi t ed  t o  t h e  case i n  which a f i c t i t i o u s  imperfection has  been used co 
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t r i g g e r  a s p e c i f i c  deformation p a t t e r n .  

pa th  may con ta in  only a small component of t he  c o l l a p s e  mode t h a t  is 

t r igge red  by nonaxisymmetric loading ,  i .e.,  t he  deformation p a t t e r n  

t h a t  grows r a p i d l y  i n  t h e  neighborhood of t he  limic poin t .  I n  t h a t  

case, t h e  load  displacement curve w i l l  have a very sharp maxjmum as 

shown i n  F igure  5.7. A s  t h i s  maximum is approached, t h e  convergence 

c r i t e r i o n  may not  func t ion  proper ly  because the  r a p i d l y  growing co l l apse  

mode i s  dominated by t h e  b a s i c  deformation p a t t e r n .  The dashed l i n e  i n  

F igure  5.7 r e p r e s e n t s  a path i n  the. load displacement space along which 

false convergence i s  l i k e l y  because t h e  equi l ibr ium equations are almost 

s a t i s f i e d .  S u b s t i t u t i o n  of t h e  f a l s e  s o l u t i o n  i n t o  t h e  e q m t i o n  system 

l e a d s  t o  small r e s i d u a l s  although t h e  s o l u t i o n  is  f a r  removed from any 

t r u e  so lu t ion .  This  s i t u a t i o n  can be remedied by in t roduc t ion  of a 

f i c t i t i o u s  imperfection i n  t h e  ana lys i s .  As an  examplp, cons ider  a 

ve ry  s h o r t  c y l i n d r i c a l  s h e l l  subjec ted  t o  a lateral  p res su re  of t h e  

form 

The deformation on t h e  primary 

p = Po cos  2 $I 

, . . . . .. _.... where (I is t h e  c i r cumfe ren t i a l  coordinate.  Due t o  t h e  nonlinear coupling 

betweer. cifIr'erent harmonics, the  displacement p a t t e r n  GG t he  primary pa th  

does not va ry  s i n u s o i d a l l y  wi th  t h e  c i r cumfe ren t i a l  coordinate.  

components, symmetric about t h e  p lane  through 8 = 0 and K are included i n  

t h e  p r e b w k l i n g  deformation mode. Rnwever, t he  h igher  t he  wave number, t h e  

smaller i s  t h e  amplitude of t h e  corresponding component. If t5e c r i t i c a l  

wxe  number i s  r e l a t i v e l y  high, a s  i s  cne case  f o r  a very s h o r t  cy l inde r ,  

i f  Ps rrecessary to use an  imperfection t o  t r i g g e r  t h e  c r i t i ca l  deformation 

p a t t e r n .  

A l l  Four i e r  

A --- s h e l l  of a gericral shapc behaves s i m i l a r l y  t o  'the s h e l l  of 

r e v o l u t l s z  w i t h  nonsymmetric loading. I n  general., l o s s  of s t a b i l i t y  occurs  

a t  a l i m i t  po in t .  B i f u r c a t i s n  p o i n t s  rray e x i s t  i f  geometry and loading are 

symmeiric about some plane. Again, i f  such p lancs  E I ~ G  present ,  t he  op t ions  

are available tn t ake  advantage of t h i s  synrmetry by cons ider ing  antisym- 

m e t r i c  b i f u r c a t i o n  buckling modes wi th  a nonl inear  b a s i c  stress s ta te  o r  t o  

I-' " :: ..... : 
c . . . . . . . . ~..... 
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in t roduce  antisymmetric imperfections.  The l a t t e r  approach w a s  used i n  nn 
a n a l y s i s  i n  Ref. 5.8 of t h e  nonl inear  behavior of e l l i p t i c  cy l inde r s  under 

axial compression. 

The behavior of t h e  e l l i p t i c  cy l inder  under a x i a l  compression pro- 

v i d e s  another i l l u s t r a t i o n  of  t he  problem with a pa th  i n  t h e  load d isp lace-  

ment space t h a t  is f a r  renioved from any t r u e  so lu t io i i  but still  r e s u l t s  i n  
an i n s i g n i f i c a n t  unbalance i n  the  equi l ibr ium equation. A s  t h e  e l l i p s e  

r a t i o  approaches one (a c i r c u l a r  cy l inde r ) ,  t h e  symmetric component of t h e  

c o l l a p s e  mode conta5ned i n  the prebuckling deformation p a t t e r n  vanishes.  

For a n  e l l i p s e  r a t i o  of about 1.4, i t  w a s  poss ib l e  (see R e f .  5.8) t o  estab- 

l i s h  the  c o l l a p s e  load e i t h e r  a f t e r  t h e  convergence c r i t e r i c n  had been t i g h t -  

ened o r  a f t e r  symmetric imperfection had been introduced. For cy l inde r s  w i th  

even smaller e l l i p s e  r a t i o s  s o l u t i o n s  can only be  obtained a f t e r  i n t roduc t ion  

of a symnetric imperfection. 

"_.._._. .... 

Although i n  r e a l i t y ,  a l l  s t r u c t u r e s  have some drgr2e  of imperfec- 

t i o n  and a s i t u a t i o n  of pure b i f u r c a t i o n  never exists, t h e  b i f u r c a t i o n  

approach is o f t e n  very  use fu l .  I f  i t  can be assumed t h a t  t h e  prebuckling 

behsvior is l i n e a r ,  t h e  b i f u r c a t i o n  buckliag approach l eads  t o  cons iderable  

sav ings  i n  comparison t o  a nonl inear  ana lys i s .  

g i v e  sc lme  i dea  about t h e  degree of imperfection s e n s i t i v i t y .  I n  svch cases 

t h e  b i f u r c a t i o n  buckling load can be used i n  connection wi th  a more o r  less 

i n t u i t i v e l y  chosen knockdown f a c t o r  as a design l i m i t .  The  t r u e  im?er€ec- 

t i o n s  are usua l ly  no t  known i n  d e t a i l .  

r ep resen t s  t he  on ly  p r a c t i c a l  approach. 

branch i s  s t a b l e ,  t h e  b i f u r c a t i o n  buckling load i s  u s e f u l  EE a conservati-vr 

est2mate of  t h e  c r i t i c e l .  ioad. 

Often previous erpzriments 

Therefore,  t h i s  s e m i e m p i r i c a l  method 

If t h e  equilibriurr! c3 t h e  secondary 

If t h e  b i f u r c a t i o n  buckling load is not used d i r e c t l y  as a des ign  

l i m i t ,  i t  may s t i l l  be worthwhile t o  perform a b i f u r c a t i o n  a n a l y s i s  hased 

on a l i n e a r  prebuckling state as a pre l iminary  to a nonl inear  ana lys i s .  

The b i f u r c a t i o n  buckling load  may be used as a guide i n  t h e  choice of s t e p  

s ize  and s t a ' r t i ng  loads  f o r  t h e  nonl inear  ana lys i s .  The buckling mode can 

I'. .. :._ 
r. .... 
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be used as a guide i n  t h e  s e l e c t i o n  of an i n i t i a l  imperfection. 

c a t i o n  a n a l y s i s  can  be used i n  a preliminary s tudy  of the  e f f e c t  of g r i d  

A b i fu r -  

i. :: . 
t ..I ... . s i z e .  

Sometimes i t  is poss ib l e  t o  use t h e  b i f u r c a t i o n  approach with a 

l i n e a r  prebuckling a n a l y s i s  as an  approximation beyond i t s  range of ap- 

p l i c a b i l i t y  . 
i n d i c s t e s  t h a t  t h e  s o l u t i o n  i s  adequate. The b i f u r c a t i o n  buckling a n a l y s i s  

MY be a too conserva t ive  estimate of t h e  co l l apse  load i f  t h e  s t r u c t u r e  

a l lows  cons iderable  r e d i s t r i b u t i o n  of stress. On the  o t h e r  hand, i f  t h e  

s t i f f n e s s  of t h e  s t r u c t u r e  d e t e r i o r a t e s  due t o  geometrical  changes caused 

by t h e  load ,  t h e  b i f u r c a t i o n  buckling load ma? be seve ra l  t i m e s  higher than 

t h e  a c t u a l  co l l apse  load. 

i n  Ref. 5.9. 

This can be done only i f  experience from similar cases 

These problems are i l l u s t r a t e d  by some examples 

. . . . . . . . . . . . . . . . - ..... 

I n  t h e  absence of p lanes  of symmetry i n  geometry and loading, 

It may i x i  tfiat case a t  f i r s t  appear b i f u r c a t i o n  i s  extremely unl ike ly .  

meaninglezs t o  perform a b i f u r c a t i o n  buckling a n a l y s i s  based on a non- 

l i n e a r  b a s i c  stress state. However, i f  a nonl inear  a n a l y s i s  i s  c a r r i e d  t o  

the des ign  load ,  i t  may be use fu l  t o  perform a b i f u r c a t i o n  buckling analy- 

sis based on t h e  f i n a l  stress state. This  would g ivc  svme i d e a  about poss- 

ib le  margin a g a i n s t  co l lapse .  Also, i f  nega t ive  r o o t s  appear on r e f a c t o r i n g  

of  t h e  matrix a t  some load s t e p ,  a b i f u r c a t i o n  buckling a n a l y s i s  mpy r w c a l  

the reason f o r  t h e  problem, and t h e  buckling mode may i n d i c a t e  what type of 

imperfection should be included. 

i:::::::. ,. . . . . . , 
\... 
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Sect ion  6 

DISCRETIZATION PROCEDURES 

6 .1  In t roduc t ion  

The s t r u c t u r a l  response t o  a given environment is  determined by 

t h e  equat ions  Gf motion of deformable bodies. I f  s o l u t i o n s  are t o  be ob- 

ta ined  t o  these  equat ions  f o r  a reasonably l a r g e  class of s t r u c t u r a l  con- 

f i g u r a t i o n s ,  a n a l y t i c  s o l u t i o n s  a re  c l e a r l y  inadequate. Consequently, 

the mathematical problem i s  recast i n t o  a numerical problem f o r  s o l u t i o n  

on t h e  computer. 

The output from t h e  computer c o n s i s t s  of a seql.rence of numbers, 

somehow rep resen t ing  t h e  func t ions  s a t i s f y i n g  equi l ibr ium equations and 

boundary condi t ions .  

t i o n  of a set  of "bas i s  functions." 

c o e f f i c i e n t s  i n  t h i s  + inea r  combination. This i s  t h e  case i f  t h e  Galerkin 

o r  Rayleigh-Ritz procedures PTC ased. I n  f i n i t e  d i f f e r e n c e  o r  f i n i t e  ele- 

ment procedures, t h e  s o l u t i o n  func t ion  is represented by i t s  d i s c r e t e  val- 

u e s  a t  a number of p o i n t s  w i th in  the  domain of t h e  s t r u c t u r e .  

c r e t i z e d  methods, e s p e c i a l l y  t h e  f i n i t e  element  method, a r e  more r e a d i l y  

app l i ed  i n  computer programs f o r  s t r u c t u r e s  of a gene ra l  type. 

they  have been ga in ing  i n  popu la r i ty  t o  t h e  ex tcn t  t h a t  p r e s e n t l y  a l l  

major computer programs of s i q n i f i c z t t  scope are based on such methods. 

The d i s c r e t i z e d  methods mzke use  of nunierical d i f f e r e n t i a t i o n  and numerical 

i n t e g r a t i o n .  

background t o ' a d i s c u s s i o n o f  t h e  d i f f e r e n t  o p t i z c s  t h a t  are a v a i l a b l e  f o r  

numerical a n a l y s i s  of s h e l l  s t r u c t u r e s .  A review of some numerical pro- 

cedures i s  presented i n  Sec t ion  6 . 4 .  Specia l  problems i n  d i sc re t i za t i . cn  
are d iscussed  i n  Section 6.5 and a b r i e f  d i scuss ion  of Some s p e c i z l  62s- 

c r e t i z a t i o n  conf igu ra t ions  ( f i n i t e  d i f f e r e n c e  and f i n i t e  e l e m n t  procedures) 

is given i n  Sectiorr 6 . 6 .  F i n a l l y ,  i n  Section 6.7, t he  s p e c i a l  procedures 

The s o l u t i o n  may be represented by a l i n e a r  combina- 

Then t h e  output  vec to r  c o n s i s t s  of t h e  

The d i s -  

Therefore, 

A review of these  opera t ions  here i s  intended t o  se rve  as a 

, . . . . . .. . t<,::::::: ... ...... 
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se l ec t ed  f o r  t h e  STAGS program are presented toge ther  w i th  a j u s t i f i c a t i o n  

for t h i s  choice. 
F : .  
1 ... 

6.2 Numerical D i f f e r e n t i a t i o n  

Numerical d i f f e r e n t i a t i o n  c o n s i s t s  of t h e  replacement of t h e  der iv-  

a t ives  of a func t ion  by d i f f e r e n c e  q u o t i e n t s  (or f i n i t e  d i f f e rence  expres- 

s ions ) .  

t i ons .  I n  t h e  following a t runca ted  Taylor series w i l l  be used f o r  t h i s  

purpose. I n  t h e  one-dimensional case (one space v a r i a b l e ) ,  t h e  series can 

be w r i t t e n  i n  t h e  form 

Such express ions  are gene ra l ly  based on l o c a l  polynomial approxima- 

2 n .... f (x )  = f ( 0 )  + xf ' (0)  + $  f"(0) + n! f (n ) (0 )  + R (6.1) 

where thc  primes denote d i f f e r e n t i a t i o n  wi th  r e spec t  t o  x. The remainder 

R r ep resen te s  t h e  sum of the  terms t h a t  were excluded when t h e  series w a s  

t runca ted  a f t e r  t he  (n+l)th t e r m .  It can be shown t h a t  (see Ref. 6.1, f o r  

example) . 
.......... ......... ....... 

This bound on the  t runca t ion  e r r o r  may te u s e f u l  f o r  estimates of t h e  accur- 

acy  or' t h e  output  vec tor .  

By use of 6 silitab:). truncated Taylor series, the  €unction va lues  

a t  a number cf d i s c r e t e  node p o i n t s  can be expressed i n  terms of t h e  der iv-  

a t i v e s  a t  each of a number of c o n t r o l  po ln ts .  12 Equation (6.1) i t  is 

assumed t h a t  x = 0 a t  t h e  c o n t r o l  po in t .  A set of l i n e a r  equat ions  is  

obtained and through s o l u t i o n  of t h i s ,  expressions are obtairred f o r  t h e  

d e r i v a t i v e s  a t  t h e  c o n t r o l  po in t  in terms of tile func t ion  va lues  a t  t h e  sel- 

ec ted  node 2 o i n t s .  

to  t h e  xxmber of Zprivatives i n  t h e  Taylor s s r k s .  

-- 

The number of node po in t  va lues  iccluded must be equal  

I n  t h e  genera l  case t h e  

. 

........... ........... .......... .......... ... ... 6-2 



h ighes t  o r d e r  d e r i v a t i v e  so determined w i l l  be  of f i r s t  o rder  accuracy, i.e., 

the e r r o r  E = O(h). 
s i o n  is of n t h  order ,  t h e  k t h  d e r i v a t i v e  (k s n)  w i l l  be of o rde r  (n T k + l ) ,  
E =  (hn-k+l 1. 

. ... I f  t he  h ighes t  o rde r  d e r i v a t i v e  included i n  t h e  expan- 

Figure 6.1 i l lustrates how f i n i t e  d i f f e r e n c e  expressions can be 

der ived  i n  t h e  two-dimensional space. A Taylor series approach g ives  

where a prime i n d i c a t e s  d i f f e r e n t i a t i o n  wi th  r e spec t  t o  the  x 

and a d o t  d i f f e r e n t i a t i o n  wi th  r e spec t  t o  t h e  x 
coord ina te  1 

coordinate.  2 

.__.. ~ .... ._. . . .. . 

* 

Figure 6.1 Two-Dimensional F i n i t e  D i t r e r m c e  Grid 

.... 
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... .. ... .... .._.. * . . . . . .. . . . 
...... .. 

If d e r i v a t i v e s  up t o  t h e  second order are t o  be determined, i t  

i s  s u f f i c i e n t  t o  spec i fy  f o r  each c o n t r o l  point a set  of six neighboring 

node p o i n t s  (N t o  N ). By applying Eq. ( 6 . 3 )  a t  each of t hz  six node 

po in t s ,  t h e  following equation system is  obtained 
i i+5 

.... 

f2 

f4  

f , 

f 
-t 

1 2  
2 1j -CY 

1 2  

1 2  - 
2 g3j 

1 2  
2 4 j  -CY 

1 2  

1 2  
2 J  

- a b -  

f 
j 

f '  
j 

f' j 

f 
J 

f 
J 

f ." 
j 

(6.4) 

Thc s o l u t i o n  of t h e  equation system ( 6 . 4 )  'for f and i t s  deriv- 
j 

a t i v e s  y i e l d s  a set  of f i n i t e  d i f f e r e n c e  expressions f o r  t h e  d e r i v a t i v e s  

a t  c o n t r o l  po in t  j .  The e r r o r  bound f o r  t he  second order de r lva t ckes  i s  

of order  E = O(h). The f i r s t  order d e r i v a t i v e s  are of second order ZKUZ- 

acy. 

t h e  remainiag d e r 5 ~ z t i v e . s  voulr! he expressed i n  terms of f i v e  nodal: values.  

Tnen the  f i r s t  order d e r i v a t i v e s  are only of f i r s t  order accuracy and the  

express ions  f o r  t h e  secortd order  d e r i v a t i v e s  may be meaningless (E = O(ho>) 

S i ccz  t h s r e  a r e  four  d i f f e r e n t  t h i r d  order  d e r i v a t i v e s ,  w e  must inc lude  t e n  

nodal func t ion  va lues  i n  ordci  t o  raise t h e  accuracy by one order  t o  E = 

O(h ) f o r  f i r s t  o rder  and to  E = O(h ) f o r  second o rde r  d e r i v a t i v e s .  I n  

Notice t h a t  i f  one of t h e  second order d e r i v a t i v e s  were l e f t  ou t ,  

3 2 

.. .. . 
.. .... 6-4 
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,. . . . . .. . . . . . . . . . 

f i n i t e  d i f f e r e n c e  a n a l y s i s ,  i t  has  been a r a t h e r  

mine lowerorder  d e r i v a t i v e s  from a smallerset of 

t h a t  d e r i v a t i v e s  of d i f f e r e n t  order  s t i l l  a r e  of 

acy  (see R e f .  6 . 2 ,  f o r  exainple). 

common p r a c t i c e  t o  de t e r -  

degrees of freedom so 

t h e  same o rde r  of sccur- 

The nodal freedoms need not be  r e s t r i c t e d  t o  func t ion  values. A 

higher order  d e r i v a t i v e  a.t a con t ro l  p o i n t  can be expressed i n  terms of 

Lower order  d e r i v a t i v e s  at  t h e  nodal po in t s .  

in  t h e  one-dimensional case can b e  obtained from t h e  d i f f e r e n c e  between two 

ad jacen t  f i r s t - o r d e r  de r iva t ives .  The lower Grder d e r i v a t i v e s  are then 

included among t h e  degrees of freedom of the  system. 

d iscussed  i n  Ref. 6 . 3 ,  €or example. 

The secoxd order  d e r i v a t i v e s  

Such procedures a r e  

A d i f f e r e n t  b u t  equiva len t  procedure i s  usual.ly appl ied  i n  f i n i t e  

element ana lys i s .  

polynomial shape func t ions  are chosen s o  t h a t  t h e  func t ion  va lues  a t  t h e  

nodes agree  wi th  t h e  degrees of freedom. 

are determined from these  polynomials, lower o rde r  d e r i v a t i v e s  are usua l ly  

of h igher  order  accuracy than d e r i v a t i v e s  of h igher  order.  

The c o e f f i c i e n t s  i n  a l i n e a r  supe rpcs i t i on  of a set of 

Since d e r i v a t i v e s  of a l l  o rde r s  

. . . .. . . . ...... 

The l o c a t i o n  of p o i n t s  a t  which d e r i v a t i v e s  are yyr sx ima ted  by 

f i n i t e  d i f f e r e n c e  expressions can be chosen so t h a t  the order  of accuracy 

is improved. A s  an example, the  one-dimensional f i n i t e  d i f f e r e n c e  confip- 

u r a t i o n  shown i n  Figure 6 . 2  i s  considered. 

. . . . . . . . . . . .. . .... 

, 
Figure 6 . 2 .  One-Dimensional F i n i t e  Di f fe rence  Grid 
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1 
The degrees of freedom of t h e  system are t h e  func t ion  va lues  f 

and f and the  f i r s t  o rde r  d e r i v a t i v e s  ( r o t a t i o n s )  f '  and f '  a t  t h e  node 

poin ts .  

determined. 

2 1 2 
The second order  d e r i v a t i v e  ,ct some po in t  i n  the  i n t e r v a l  is 

and 

A one-dimensional Taylor series expansion g ives  

3 4 x2 4 x f'I' .lv - I - * * .  f = f o t x f ;  t 2 f o  t 24 .Lo 
(6.5) 

:' = f; t Xf" t - x  1 2 f IN t x3 'F fo lv f . ' .  
In  t h e  following, f o r  s i m p l i c i t y ,  t h e  s u b s c r i p t  zero r e f e r r i n g  

t o  t h e  c o n t r o l  po in t  is dropped. The f i n i t e  d i f f e r e n c e  expression, t he  

seco.13 d e r i v a t i v e  f", 

f f h(1-a) f ' 

f - h u f '  t 

is  obtained from t h e  equatLon system - 

h2 2 ' h3 3 III h4 4 lv- 
- f 2  - -t 2 (1-CY) f If t - (1-CY) f f 24 (1-CY) f 6 

3 3  4 4  h a  h CY flv - 2 2  

2 24 
- 

- fl 
f n  - -6 f"' t h a ,  

(G.6) 

The s o l u t i o n  of t h i s  equation system inc ludes  

(6.7) 

- h2 - (6u2 -6a  t 1) flV t Orn 3 1  ), 12 

2 If a iz chosen so t h a t  

+he second d e r i v a t i v e  i n  Eq. (6.7) is of t h i r d  order  accuracy. The func- 

t i o n  y = 6a' - 6a + 1 is shown i n  F igure  6 . 3 .  

6a - 6a + 1 = S, i..e., a = (1 + 1/43)/2, then - 
3 

Poin t s  a t  which the  c c e t f i -  
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c i e n t  of t h e  f i r s t  term i n  the e r r o r  vznishes are soinetimes i n  t h e  f i n i t e  

element l i t e r a t u r e  r e f e r r e d  t o  as stress windows (Ref .  6 . 4 ) .  The accuracy 

of t he  l o c a l  approximation a t  such p o i n t s  is one order  h igher  than i t  is  

a t  o the r  p o i n t s  i n  the  interval. 

. . . . . . . . . . . . . . . . 

F .  .:::. 
r:::::::. : 
~. . . . . . . . . 

Figure 6 . 3  Error  Function 

The a n a l y s i s  beccc;es more e f f i c i e n t  i f  nuzitzical deri7:atives 

need t o  be determined only a t  p o i n t s  where they are most accura te .  

i s  f u r t h e r  i l l u s t r a t e d  by t h e  two f i n i t e  d i f f e r e n c e  schemes shorn i n  

Ffgure 6 . 4 .  

This 

With a uniform spacing t h e  stress windows are loca ted  a t  t h e  

node p o i n t s  fo r  even order d e r i v a t i v e s  and halfways between theai f o r  c3.l 

order  d e r i v a t i v e s .  Vi th  schene A w e  f i n d  

( 6 . 8 )  
1 h2 p - 2 f  t f  1) - 'iz 2 4 1  0 -  

1 

2h 
f f' ,= - 
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........ ......... . . . . .  ._ ...... ......... ......... ....... . .  

and with scheme B 

N-/ %/ 

Scheme A 

......... ... 

Figure 6 . 4 .  Two F i n i t e  Di f fe rence  Schemes 

The somewhat par2doxical r e s u l t  here  i s  t.hat i f  we a t te lupt  t o  

determine a f i r s t  o rder  d e r i v a t i v e  It I? with f i r s t  o rder  accuracy using 

t w o  po in t s  and t h e  f i r s t  of Eqs. (6.91, t h e  e r r o r  .is of t h e  second c r d e r  

because the  c o e f f i c l e n t  i s  zero  f o i  the l ead ing  term i n  t h e  de l e t ed  sequence. 

Actually,  15: is only one q u a r t e r  of t h e  s i z e  of t h e  e r r o r  t ha t  i s  obtaiitea 

a t  a node po in t  from a t h r e e  po in i  scheme, Eq. (6.S). With a t h r e e  poin t  

scheme, second order accuracy f o r  t h e  f i r s t  derivatik-e 13 o 5 t z i n d  s t  any 

B 

I.. ........ <.. ........ ......... 6-8 



p o i n t  i n  t h e  i n t e r v a l ,  bu t  i t  is  most accu ra t e ly  determined a t  t h e  mid- 

p o i n t  between two nodes where i t  is i d e n t i c a l  t o  t h e  expression f r o n  t h e  

two-point scheme. On t h e  o t h e r  hand, t h e  stress window f o r  second order  

d e r i v a t i v e s  is loca ted  a t  t h e  node p o i n t s  and t h e  e r r o r  i n  f" i n  t h e  sec- 

m d  of Eqs. (6.8) i s  less than  the  e r r o r  or" f" i n  t h e  second of Eqs.  (6.9). 

A formula f o r  t h e  f i r s t  d e r i v a t i v e  a t  a node p o i n t  determined from two func- 

t i o n  va lues  (forwmd o r  backward d i f f e r e n c e )  i s  of t h e  f i r s t  order accuracy 

only,  i.e., 

t 

6 . 3  

va lue  of 

Numerical I n t e g r a t i o n  

(6.10) 

The purpose of numerical i n t e g r a t i o n  i s  t o  comyute an  approximate 

b 

qx) d x  1- (6.11) 
a 

It is an e s s e n t i a l  procedure i n  f i n i r e  element a n a l y s i s  and a l s o  i n  f i n i t e  

d i f f e r e n c e  

Section 6 . 4 ,  

is divided i n t o  a number of s m a l l  sub jn t e rva l s .  

which a l l  i n t e r v a l s  are equal is coiisidered here.  With t h e  func t ion  va lues  

determined a t  t h e  midpoints of N i n t e r v a l s  (see Figure  6.5a) ,  t he  i n t e g r a l  

cz:n be obtained by use of t h e  so-called r e c t a n g l e  r u l e ,  i.e., 

a n a l y s i s  based on the  energy approach, as  discussed below i n  

T h e v a l u e o f t h e i n t e g r a l -  is determined after t h e  range a 5 x 5 b 

For s i m p l i c i t y ,  t he  case i n  

b ._ 
N 

f(x) dx M h fi I i=l 
(6.12) 

a 

If i n s t e a d  t h e  func t ion  values are dctermined st p o i n t s  of d i v i s i o n  between 

t h e  iz te rva is  ( f w l u d i n g  the  end p o i n t s ,  a ,  b) ,  t h e  trapezoidal- r u l e  can be 

used as i l l u s t r a t e d  i n  Figure 6.5b. 
, 

b 

. .  . . . . . . . . .. . . . . . .. ..... 

(6.13) 

a 
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... ..... ........ .......... 
I.. ...... 1.. ....... ......... ........ f ~ 

........ ..... 

b 

f 

x 

Figure 6.5. Numerical 

I = X  
a, & 

In t eg ra t ion  Schemes 

It is shown i n  Ref. 6 .1  t h a t  both these  methods are of second order  accur- 

acy. The r ec t ang le  r u l e  is  somewhat iuore accura te  with t h e  e r r o r  bound 

Ib-alhZ f "  ( 5 ) ;  a S c < b  
24 E =  

while  the e r r o r  bound f o r  t h e  t r apezo ida l  r u l e  is 

(6.14) 

(6.15) 

A number of procedures of higher  accuracy have been proposed (Euler- 

McLaurin, S t i r l i n g ) .  The Newton-Cotes series of i n t e g r a t i o n  formulas are based 

upon the psssing of a polynomial thruugh a sequence of func t ion  va lues  and 

i n t e g r a t i o n  of t h i s  polynomial over t he  sub iz t e ivz l s .  

xu le  i s  based on a l i n e a r  approximation over the subin terva ls ,  i t  may be 

considered as the  lowest nrder  method i n  the Newton-Cotes series. A Newton- 

Co5es formula of t h i r d  order  accuracy is obthired i f  w e  u s e  second ordcr  

polynomials f o r  i n t e r p o l a t i o n  between node poin ts .  This member cf the  

Xewton-Cotes family i s  w e l l  knotm as Siinpson's formula 

Since t h e  t rapezzr i la l  

. . . . .  ........... ......... .......... 
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b 
P 

. . . .  
a.. ........ _. .......... ........... . . . . .  ........ .... 

f(x) dx = k (fo t 4fi t 2f2 t 0 .  4f,,, t fn' I 3 (6.16) 

a 

Use of Si2pson's formula r e q u i r e s  t h a t  t h e  number of s u b i n t e r v a l s  is even, 

Higher order Newton-Cotes formulas are inc reas ing ly  r e s t r i c t i v e  with regard 

t o  t h e  permiss ib le  niimber of sub in te rva l s .  

The i n t e g r a t i o n  procedure r e f e r r e d  to as Gaussian Quadrature is  

based on f ind ing  s t r a t e g i c  p o s i t i o n s  f o r  t he  p o i n t s  a t  which t h e  func t ion  

va lue  i s  determined. For demonstration cf the  p r i n c i p l e  i t  is shown here 

how a two po in t  i n t e g r a t i o n  scheme is  derived. If the  func t ion  va lues  a t  

x = 5 a li are f l  and f 

ment, t h e  func t ion  i s  approximated by 

where x is measured from t h e  midpoint of t he  ele- 2' 

x t F2 (E;) t R f 2  - fl 2 t  
fl t f 

cua 2 f =  (6.17) 

II ......... Here, F (x) is  a func t ion  of second degree  i n  x which vanishes  a t  x = It a 2 ......... 
while R i s  a power series beginning wi th  the  t h i r d  order  t e r m .  That is 

2 Q2 2 f2  - fl x f c  (CY - - x ) t . . .  
i -I-f 1 '  2 + 

2 cua 4 f =  

J 
4 2  

(6.18) 

(6.19) 

R Thc: t h i r d  order  term w i l l  vanish i f  a = f 1/2/3 o r  x = 5 --. I f  t he  func t ion  2 J3 
is sva lua ted  a t  these  Gaussian p o i n t s  t he  i n t e g r a t i o n  i s  more accura te .  The 

pcssftion of t h e  Gaussian p o i n t s  coinP5rtes wi th  t h e  stress windows a s  defined 

i n  t h e  example on numerical differer,:iation above. The rectafigle rule is 

i d a t t i c a l  t o  t h e  u s e  of a Guassian Quaciracurs over each of t h e  ind iv idua l  

. . . .  
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i n t e r v a l s  w i th  only  one i n t e g r a t i o n  p o i n t  i n  each. In f i n i t e  element 

a n a l y s i s  numerical i n t e g r a t i o n  i s  usua1l.y c a r r i e d  ou t  s e p a r a t e l y  over 

each element by use  of Gaussian Quadrature. For a polynomial of any 

ord'er t h e  number of Gaussian p o i n t s  can always be chosen so t h a t  t h e  

i n t e g r a t i o n  i s  exact.  The above example with two i n t e g r a t i o n  po in t s  

g ives  the  exac t  va lue  of  t h e  i n t e g r a l  f o r  any polyncmial up t o  the  

second order.. 

F 

6.4 Numerical Solution Procedures 

The Galerkin Xethod 

A widely used procedure f o r  ob ta in ing  approxirnate s o l u t i o n s  

t o  d i f f e r e n t i a l  equations is known as t h e  Galerkin method. 

is app l i cab le  t o  p a r t i a l  as w e l l  as ord inary  d i f f e r e n t i a l  equations.  

For s i m p l i c i t y ,  the equation is  w r i t t e n  i n  t h e  form 

The method 

L(u) = 0 (6.20) 

. ... ... where L is  a d i f f e r e n t i a l  opera tor  and u r ep resen t s  t h e  displacement f i e l d .  

A s o l u t i o n  is  pursued i p  +k space of t r i a l  func t ions  of t h e  form 

N 
(6.21) 

where t h e  b a s i s  func t ions ,  $? are k inemat ica l ly  admiss ib le  func t ions ,  i . e . ,  n 
they are continuous znci sAi5sfy given boundary condi t ions .  

c o n s i s t s  of a l i n e a r  superpos i t ton  of a f i n i t e  number of h a s i s  functions.  

The coinponents of t h e  output vec tor  are t h e  a . I n  t h e  G a i e r L l n  method, :he 

a are determined through s o l u t i o n  of t h e  q u a t i o n  system: 

A t r i a l  func t ion  

n 

n 

where V r e p r e s e n t s  t h e  volume of t h e  s t r u c t u r e .  
, , . . . . . . . . . .. . .. 

t:.. . .. .. . 
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......... ......... 
r...: ....... ...... 
i.. ....... .......... ... 

Convergence t o  t h e  c o r r e c t  s o l u t i o n  i s  implred i f  

1 1  u N - .  1 1  --, o as ~4 = (6.23) 

N where u 

problem L(u) = 0. 

is t h e  s o l u t i o n  of Eq. 6.22 and u the  s o l u t i o n  o f t h e  mathematical 

The n o t a t i o n  11 u 11 r ep resen t s  a norm of t h e  func t ion  u. 

The norm of u on the domain V may be defined as 

TSe ques t ion  of 

connection wi th  

II 
V 

(6 .24)  

convergence of 

t h e  d i scuss ion  

The F i n i t e  Di f fe rence  Method 

I n  t h e  o r i g i n a l  form 

t o  the energy method d iscussed  ...... ..... 

t h e  Galerkin method w i l l  bc considered Ln 
of t h e  Rayleigh-Ritz method. 

of t h e  f i n i t e  d i f f e r e n c e  method ( i n  c o n t r a s t  

below), t h e  d e r i v a t i v e s  i n  t h e  equi l ibr ium 

......... ....... ........ 

equat ions  a r e  replaced by f i n i t e  d i f f e r e n c e  expressions (see s e c t i o n  6 . 2 ) .  

An a l g e b r a i c  equatioli system is then foimed i n  which each equat ion  expresses  

equi l ibr ium a t  one of t h e  c o n t r o l  po in t s .  The number of cGuz,ions ziiiat be 

equal  t o  t h e  number e? degrees of freedom of t h e  system. Hany examples of 

a p p l i c a t i o n  of t h i s  p r x e d u r e  are given i n  the  l i t e r a t u r e .  Ln Ref. 6 . 5 ,  

it is appl ied  i n  an  i n a l y s i s  of column buckling. 

The p r a c t i c a l  problems involved i n  f i n i t e  d i f f e r e n c e  a n a l y s i s  are 

much tl-2 same i f  f i n i t e  d i f f e r e n c e s  are used i n  com3ination wi th  thz  energy 

approach. The  di.sc-ussion of t hese  probiems is defer red  t o  t h e  paragraph on 

f i n i t e  d i f f e r e n c e  energy methods. Here only t'-c condi t ions  f o r  convergence 

wi th  t h e  gri.' s i z e  will be zms ide red .  

6.6,  f o r  example) have been made t o  show t h a t  t h e  method converges wi th  de- 

c r e a s i n g  nnde po in t  s i i x i n g  t o  t h e  s o l u t i o n  of t h e  d i f f c r s n t i d  equation, i .e. ,  

Over t h e  yea r s  many e f f o r t s  (%f. 

I 11 U** - u 11 4 0 as h 4 0 (6 .25)  
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L.: ..... .... .... 
,..... -. .- 

h where 'U 

spacing h. 

is t h e  f i n i t e  d i f f e r e n c e  s o l u t i o n  corresponding t o  a node po in t  

Rigorous mathematical p roofs  have t e e n  presented f o r  s p e c i a l  cases ,  

bu t  due to  t h e  d i v e r s i t y  of d i f f e r e n t i a l  equation forms, boundary cond i t ions  

and shape of domain, i t  appears t o  be d * i f f i c u l t  t o  e s t a b l i s h  a genera l  proof 

of convergence. However, mathemati.ca1 r i g o r  has  never been t h e  trademark of 

engineering ana lys i s .  Often t h e  assumptions and s i m p l i f i c a t i o n s  i n  modeling 

a s t r u c t u r e  are Qf such a n a t u r e  as t o  make t h e  ques t  f o r  mathematical r i g o r  

r a t h e r  extravagant.  

f e r r e d  i n  a n t i c i p a t i o n  of r igorous  proof,  t echn ica l  progress  might have been 

cons iderably  delayed. 

g inee r ing  

proof.  

e r r o r  bound i n  the  numerical approximation of a d e r i v a t i v e  con ta ins  a h igher  

o r d e r  d e r i v a t i v e  of t h e  s o l u t i o n  func t ion  i t s e l f .  I f  t he  s o l u t i o n  func t ion  

varies continuously with the  i n p u t  d a t a  ( the  loads ) ,  then t h e  d e r i v a t i v e  i n  

t h e  e r r o r  bound is i t s e l f  bounded i n  t e r m s  of independent v a r i a b l e s .  Unless 

such c o n t i n u i t y  can be e s t ab l i shed ,  t h e  e r r o r  bound an  the  l o c a l  approxima- 

t i o n  becomes meaningless. 

I f  t h e  a p p l i c a t i o n  of  a reasonable method had been de- 

The f i n i t e  d i f f e r e n c e  approach i s  acceptab le  t o  an  en- 

a n a l y s t  without a completely genera l  and mathematically r igorous  

The d i f f i c u l t y  i n  proving convergence fs due t o  the  f a c t  t h a t  t h e  

. ., . 
e 

It is  p s s s i b l e  t o  de f ine  f i n i t e  d i f f e rence  formulations t h a t  are 

of order  O(h) or  b e t t e r  which s t i l l  lead  t o  spur ious  results.  Consider, f o r  

example, t h e  case of a bean o r  a column. The second 'order  d e r i v a t i v e  i n  the 

column buckling equat ion  i s  s u b s t i t u t e d  by a t h r e e  po ia t  c e n t r a l  f f n i t e  d i f -  

f e r ence  express ion  except a t  oiie i n t e r n a l  po in t  where e i t h e r  a backward o r  a 

forward d i z fe rence  express ion  i s  used. 

Link a t  t h e  except iona l  po in t .  

Then a beam is defined t h a t  has  a 

It is proposed i n  Ref. 6 . 4  t h a t  the  f i n i t e  d i f f e r e n c e  approach t o  

the s o l u t i o n  of d i f f e r e n t i a l  equations converges toward t h e  c o r r e c t  s o l u t i o n  

i f :  

1) The l o c a l  truncatfcrn e r r o r  vanishes  with the  g r i d s i z e ;  and 

2) The s o l u t i o n  varies continuously w I L k  t h e  inpu t  d a t a  (loads) 

f o r  small va lues  of h. .... . 
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The deformation of a beam with a l i n k  does not  vary  continuously 

wi th  t h e  load  sc t h e  second requirement w i l l  exclude a spurious s o l u t i o n  

such as the one f o r  t h e  column discussed above. 

. . . . ._. . ... 

The Rayleigh-Ritz Method 

The t o t a l  p o t e n t i a l  energy of a s ta t ic  system is  the  sum of t h e  

s t r a i n  energy and t h e  p o t e n t i a l  energy of the  f o r c e  systen.  The system is 

c a l l e d  conserva t ive  i f  t h e  change iri  t he  t o t a l  p o t e n t i a l  energy i n  passing 

from one conf igu ra t ion  t o  another  i s  bdependent  of t h e  pa th  (compare Section 2 ) .  

A s t a t i c  conserva t ive  system is f n  equi l ibr ium i f  i t s  p o t e n t i a l  energy i s  

s t a t i o n a r y .  

t e n t i a l  Energy states: 

cond i t ions ,  those  which s a t i s f y  t h e  e q u i l i b r i u n  equations s a k e  t h e  poten- 

t i a l  energy a minimun." The condi t ion  of minimum energy is  then equiva len t  

t o  t h e  requirement of s t r u c t u r a l  equilibrium. The equilibrium equations 

can  be derived from t h e  f i r s t  v a r i a t i o n  of t he  t o t a l  p o t e n t i a l  znergy through 

i n t e g r a t i o n  by p a r t s .  

t h e  ca l cu lus  of v a r i a t i o n s .  

As formulated i n  Reference 6 . 5 ,  t h e  Theorem of S ta t iona ry  Po- 

"Of a l l  displacements s a t i s f y i n g  t h e  given boundary 

They are then r e f e r r e d  t o  as t h e  E u l e r  equations of 

The equi l ibr ium problem f o r  d e f o r m b l e  bodies can a l so  be solved 

d i r e c t l y  through m i d m i z a t i o n  of tiit? energy, bypassing the  e x p l i c i t  equi l ib-  

rium equations.  

is s u b s t i t u t e d  f o r  the displacement f i e l d .  

as a l i n e a r  combination of a set of b a s i s  func t ions .  The method is  thus  

c l o s e l y  r e l a t e d  t o  t h e  Galerkin procedure, although t h e  t r i a l  func t ions  a r e  

s u b s t i t u t e d  In_tr, thz expression f o r  t h e  t o t a l  p o t e n t i a l  energy r a t h e r  than 

i n  t h e  equilibriurr, e q u a t i m s .  The se tpence  of t r i a l  func t ions  fs given by 

I n  t h e  Rayleigk-Ritz method a sequence of t r i a l  func t ions  

Each t r i a l  func t ion  is expressed 

N 
N = 1,7*,3 ..... n n '  U 

n=l 
(6.26) 

and the  b a s i s  €unctions 8 are ciiosen so t h a t  they s a t i s f y  displacement 

boundary condi t ions .  The unknown c o e f f l c i e n t s  a are d e t e x i n e d  by t h e  n 
n 

, ..... i 
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requirement that t h e  t o t a l  p o t e n t i a l  energy is s t a t iona ry .  Natura l  boundary 

cond i t ions  ( s t r e s s - f r ee  edges) are automat ica l ly  s a t i s f i e d  because they cor- 

respond to  an  energy mintmuan. 

guaranteed i f  t h e  se t  of t r i a l  func t ions  is complete i n  the space of contin- 

uous func t ions  s a t i s f y i n g  e s s e n t i a l  boundary condi t ions  (displacement con- 

s t r a i n t s ) .  A convergence proof is given i n  Ref. 6 . 8 .  

Convergence toward the  c o r r e c t  s o l u t i o n  is 

The Galerkin method discussed above may be considered as an  exten- 

s i o n  of t h e  Rayleigh-Ritz method being a p p l i c a b l e  also t o  d i f f c r s n t i a l  equa- 

t i o n s  t h a t  cannot be derived thrcugh a v a r i a t i o n a l  approach. It i s  shown 

i n  R e f .  6.8 that t h e  Galerkin method when applied t o  v a r i a t i o n a l  problems 

wi th  quadra t i c  f u n c t i o n a l s  i s  i d e n t i c a l  t o  t h e  Rayleigh-Rltz method. 

.. . ... .. 

Before t h e  in t rnduc t ion  of t h e  d i g i t a l  computer, t he  Raylelgh-Ritz 

and Galerkin procedures w e r e  f r equen t ly  app l i ed  with t r i a l  func t ions  chosen 

i n t u i t i v e l y .  

cluded. With t h e  arrival of t h e  high-speed mmputer, i t  b e c m e  popular t o  

u s e  as t r ia l  func t ions  2 f i n i t e  number of terms i n  complete series of b a s i s  

func t ions  (genera l ly  tr igonometric series). With inc reas ing  demand f o r  gen- 

eral purpose programs, t hese  methods have been gradual ly  abandoned i n  favor  

of f i n i t e  element and f i n i t e  d i f f e r e n c e  methods. 

Because of computational d i f f i c u l t i e s ,  ve ry  few terms were in- 

e F i n i t e  _.. Difference  Energy Methods 

The use  of f i n i t e  ciifferences i n  a v a r i a t i o n a l  approach is d i s -  

F i n i t e  d i f f e r e n c e  expressicza are i n t r o -  cussed i n  Ref. 6.9 on page 182. 

duced d i r e c t l y  i n t o  the  energy expression and t h e  p o t e n t i a l  mer;;’ is. mini- 

mized with r e s p e c t  t o  the nodal displacement components. Convergence of 

t h e  prccedure I s  not  discusqed i n  Ref. 6.9. A n  appeal may be made t o  equiv- 

a l e n c e  wi th  a f i n i t e  d i f f e r e n c e  s o l u t i o n  of t h e  Euler equations discussed 

above. A r igo rous  and gene ra l  proof of convergence does not appear t3 be 

ava i l ab le .  However, whenever t h e  procedure has  been appl ied  ts a case with 

a known s o l u t i o n ,  i t  has been found t o  converge toward t h a t  so lu t ion .  

, . . . .  ‘___ . . . . . . . . . . .. . . . . 
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The advantaees o f  in t roducing  d i f f e r e n c e  quo t i en t s  i n t o  the  p o t e n t i a l  

energy express ion  r a t h e r  than i n t o  t h e  equilibrium equations are t h a t  t h e  coef- 

f i c i e n t  matrix o f  t h e  r e s u l t i n g  equation sys tem is symmetric and the  n a t u r a l  

boundary cond i t ions  are au tomat i ca l ly  s a t i s f i e d .  Fcr  a simple demonstration 

of t h e  method, t h e  buckling of a colurnri with uniform c r w s - s e c t i o n  (compare Ref. 

6.5, page 283) subjec ted  t o  a n  a x i a l  compressive f o r c e  P i s  considered. The 

f i r s t  v a r i a t i o n  of t h e  p o t e n t i a l  energy vanishes f o r  a l l  equi l ibr ium configura- 

t i o n s .  The b i f u r c a t i o n  bucklir,g load can be deficed as the  load l e v e l  a t  which 

t h e  second v a r i a t i o n  of t he  t o t a l  p o t c n t i a l  energy vanishes. Hence, t h e  c r i t i -  

c a l  va lue  of P i s  obtained from 

(6.27) 

Advantage is taken of t h e  stress winciows as discussed above (see Eqs. 6.8 

and 6.9), i f  w , ~  i s  determined a t  midnodes arid w, 

i n  Figure 6.6. 

a t  node p o i n t s  as shown xx 

-. . . . . . . . . 
I_. . . 
L..'.':::::: 

. . . . . 
,. . . . . . . . . .. .. 

0 9 
I 

I. I I 
- - - 1--P 

I I i A 
X x X 3C 

A 
X. 

Figure 6.6 F i n i t e  Difference Scheme f o r  Column 

2 2 Then, w , - ~  can be in t eg ra t ed  by use  of t h e  r ec t ang le  r u l e  but  s i n c e  w, 

most accura t e ly  determined a t  node p o i n t s  .it w i l l  be in t eg ra t ed  b;- use of 

t k  t r apezo ida l  r u l e .  It fo l lows  t h a t  

is  
I\ xx 

N -1 

i6.28) 
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and 

..... .. . . ... 

t -  2h2 1 (W?T-l - 2WN + WNt1I2 

F i c t i t i o u s  p o i n t s  corresponding t o  w and w are introduced so 0 N + l  
that the  second o rde r  d e r i v a t i v e s  can be determined a t  the  end po in t s .  For- 

ward and backward d e r i v a t i v e s  could be introduced in s t ead  a t  these  po in t s  OK 

the r o t a t i o n s  ( I J  ) a t  t h e  end p o i n t s  could be used as  freedoms of t h e  system. 
X 

Afte r  t h e  riumber of uniformly spaced node pc6nts has  been chnsen, 

a homogeneous l i n e a r  equation system is  formed by d i f f e r e n t i a t i o n  of G 5 
w i t h  r e spec t  t o  the  degree  of freedom. The load P appears as t h e  eigenvalue 

parameter. From Reference 6.5:  

Number of Nodes 
on Half Column i --- 

3 
1. 

5 
7 
9 

11 
43 

0.9495 
0.9774 
0.9872 
0.9943 
0.9963 
0.9979 
1.0000 

Since t h e  f i n - i t p  d i f f e r e n c e  expressions as w e l l  as t h e  numerica.! 

i n t e g r a t i o n s  are of second order accuracy, t h e  e r r o r  i n  t h e  s o l u t i o n  is ex- 

pected t o  be p ropor t i cna l  t o  t h e  square of t h e  spacing between node p o l  'Ti%. 

The n a t u r a l  boundary ccnd i t ions  can be  shown t o  be s a t i s f i e d  t o  t h e  same 

degree  of acczracy. As t l~e spacing equals  L/2( i - l ) ,  t h e  f i r s t  two r e s u l t s  

in t h e  t a b l e  above i n d i c a t e  t h a t  
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2 

- - 2 
- PCR .. 0.97?4 

(6.30) 

If  t h e  f i r s t  of Eqs.  (6.30) i s  divided by the  second, an equation is  obtained 

t h a t  y i e l d s  = 0.9997. In vizw of t h e  f a c t  t h a t  t h e  va lues  of f o r  3 

and 4 p o i n t s  w e r e  rounded t o  f o u r  f i g u r e s ,  t h i s  is as  c l o s e  t o  t h e  exact solu- 

t i o n  as can  be expected. By u s e  of two s o l u t i o n s  with very coarse  node spac- 

ing ,  and t h e  assumption of second o rde r  accuracy, i t  is poss ib l e  i n  t h i s  case 

t o  p r e d i c t  a very accura t e  r e s u l t  through ex t rapola t ion .  

e r a l l y  r e f e r r e d  t o  as Richardson's ex t r apo la t ion .  

CR CR 

The method is gen- 

I n  s h e l l  o r  p l a t e  a n a l y s i s  t he  displadements are func t ions  of two 

I n  t h a t  case Li is  Gore d i f f i c u l t  t o  u t i l i z e  stress win- 

a 

. . . . . . . . . space parameters. 

dows t o  ga in  one level ir. t h e  order of accuracy. Considerable e f f o r t  has been 

devoted t o  t h e  t a s k  of de f in ing  e f f i c i e n t  f i n i t e  d i f f e r e n c e  schemes f o r  rec- 

t zngu la r  n e t s  wi th  uniform spacing. 

ence schemes are t h e  STAGS h a l f - s t a t i m  scheme zzd t h e  STAGS whole-station 

scheme and Noor's scheme, shown i n  F igu re  6.7. 

h a l f - s t a t i o n  scheme d e f i n e  node p o i n t s  f o r  displacements i n  t h e  pxane of t h e  

shell t h a t  a r e  d i f f e r e n t  from those  a t  which a o m a l  displacements are defined. 

Th i s  has  cons iderable  disadvantages i n  a complicated s t r u c t u r e  wi th  i n t e r s e c t -  

i n g  brzaciles and attachments of Sczins o r  spr ings .  

Examples of two-dimensional f i n i t e  d i f f e r -  

??30r's scheme and t h e  STAGS 

F i n i t e  Element A n a l y s i s  

I n  cone ras t  t o  t h e  f i n i t e  d i f f e r e n c e  method, t h e  f i n i t e  element 

method w a s  o r i g i n a l l y  derived through phvs ica l  ani3 l s r g e l y  h e u r i s t i c  consid- 

e r a t i o n s  i n  t h e  f i e l d  of s t r u c t u r a l  mechanics. As an  a f t e r though t ,  t h e  method 
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Figurc 6.7, T-d0-D F i n i t e  Difference Schemes 
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w a s  given a mathematical i n t e r p r e t a t i m .  

of t he  method and made p o s s i b l e  i ts P-xtensi.cn t o  problems ou t s ide  of t h e  f i e l d  

of s t r u c t u r a l  mechanics. 

This l e d  t o  cons iderable  refinement 

The mathematical i n t e r p r e t a t i o n  of t he  f i n i t e  element method is 

based on t h e  R i t z  p r inc ip l e .  

the method is discussed he re  as an extension of t h e  Rayleigh-Ritz method, much 

i n  t h e  same way as i t  is  presented by Strang and Fix i n  Kef. 6 . 4  where t h e  

r eade r  is introduced t o  t h e  f i n i t e  element. method pr imar i ly  through a d e t a i l e d  

d i scuss ion  of i ts a p p l i c a t i o n  t o  s o l u t i o n  'of f i r s t  o rder  ord inary  d i f f e r e n t i a l  

I n  a depa r tu re  from t h e  h i s t o r i c a l  development, 

equations.  I n  t h e  one-dimensional (ordinary d i f f e r e n t i a  1 eqciations) case , t h e  

domain of t h e  equation i s  divided i n t o  a nunber of i n t e r v a l s ,  f i n i t e  elements, 

through t h e  in t roduc t ion  of a sequence of node po in t s .  

The condi t ions  under which a Rayleigh-Ritz a n a l y s i s  converges t o  t3e 

r i g h t  s o l u t i o n  w i l l  now be discussed. L e t  Cn be t h e  space of a l l  func t ions  

which have continuous d e r i v a t i v e s  up t o  t h e  n t h  order.  I f  t h e  func t iona l  under 

t h e  i n t e g r a l  inc ludes  d e r i v a t i v e s  up t h e  k t h  o rde r ,  i t  i s  r eqc l r ed  t h a t  t h e  
k- 1 t r i a l  func t ions  belong t o  C . Hence, f o r  s o l u t i o n  of problems with only 

f i r s t  order d e r i v a t i v e s  i n  t h e  in tegrand ,  i t  i s  s u f f i c i e n t  t h a t  t h a t  t h e  t r i a l  

fuzc t ions  belong t o  t h e  space C , i .e.,  t h e  runc t ion  i t s e l f  must be contiiiuous, 

b u t  i t s  d e r i v a t i y e s  are allowed t o  have a f i n i t e  number of d i s c o n t i n u i t i e s .  A 

sequence of piecewise l i n e a r  func t ions  s a t i s f i e s  t h i s  r e q u i c a e n t .  

space  of t r i a l  func t ions  i s  complete, hecai:se aily func t ion  u i n  t h e  s o l u t f o n  

space can be a r b i t r a r i l y  c l o s e l y  approximated by t h e  l i m i t  of a sequence of 

piecewise l i n e a r  func t ions .  The t r i a l  func t ions  can be U r i t t e n  i n  t h e  form 

0 

Such a 

N 
N -  

'U - an% 
(6.31) 

where t k  h a s i s  func t ions  8 
zero  everywhere else. 

are piscevis: l i n z a r ,  equa l  t o  one a t  node n and 
n 

The func t ion  8 is  shown i n  Figure 5.8 .  n 

. ... 
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n-2 n-/ n n+/ n+2 I 
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Figure 6.8. Linear Basis Function 8 n 

For a func t iona l  inc luding  d e r i v a t i v e s  of t h e  second order ,  i t  is 

requi red  t h a t  t h e  t r i a l  func t ions  belong t o  C , i e., t h a t  t he  func t ion  it- 

s e l f  and its- f i r s t  o rder  derivatl ive are continuous. This is  achieved i f  w e  

i n t w d u c e  r o t a t i o n s  ( f i r s t  o rder  d e r i v a t i v e s )  as w e l l  as displacements as 

nodal freedoms. I n  t h i s  case ,  t h e  k s i s  func t ions  cannot be piecewise l i n e a r .  

Only a polynomial of t h i r d  o r  higher orcl.er can roatch any set  of va lues  of t h e  

f o u r  freedoms, t h e  func t ion  and i t s  f irst  order  d e r i v a t i v e  a i  t h e  two end 

p o i n t s  of t h e  e1emei.t. 

1 

The t r i a l  func t ions  c o r r e s p o d i a g  t o  a t h i r 3  order polynomial can 

b e  w r i t t e n  i n  t h e  form 

N 

n=l 
(6.32) 

where t h e  b a s i s  func t ions  8 
Figure 6.10. FXth t h i s  cho i tp ,  t h e  8 correspond t~ f = 1.0, f’ = 0 a t  node n 
n and f = f’ = C a t  a l l  o the r  nodes. 

and Y n n can b e  defined as shown i n  F tgure  6.9 and 

The Y giye f = 0, f ’  = 1.0 .at node z 
11 
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and f .= f’ = 0 at the other nodes. 
first of Eqs. (6.5) after insertion of the solution of the Eq. System (6.6). 

This formulation is equivalent to the 

Figure 6.9. Cubic Basis Function 6 n 

NODE n-/ t? n+ 1 

- a  I *-I 

Figure 6.iO. Cubic Basis Function Y n 
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I n  a p p l i c a t i o n  of t h e  f i n i t e  element method t o  t h e  buckling of 

ii column, t h e  above equation f o r  t h e  c r i t i ca l  load  (Eqs .  6.27) can b- used 

toge ther  wi th  t h e  cubic  b a s i s  func t ions  of F igures  6.9 and 6.10. 

d e r i v a t i v e s  are determiaed wi th  t h i r d  order  accuracy by a coflplete cubic. 

Second order  d e r i v a t i v e s  are of t h i r d  order  accuracy a t  t h e  p o i n t s  defined 

by a = (1 5 1 / b ) / 2  (see Fig. 6.2). 

Sec t ion  6.3) a l so  g ives  t h i r d  order accuracy, t h e  e r r o r  bouizd is expected 
3 t o  be  E = O(h ), 

i s  

FirsS: o rde r  

Since t h e  Gaussian Quadratitre (Cf. 

The Euler  load  f o r  a column wi th  L = 6.0 snc! E1 = 10.112. 

= 0.22846307 
PCR 

F i n i t e  element (or Rayleigh-Ritz) a n a l y s i s  with piecewise cubic  b a s i s  func- 

t i o n s  g ives  

Number of elements 
on h a l f  column ( i )  'CR 

1 0.23190140 

2 0.22869537 

3 0.22850905 

4 0.22847706 

5 0.22846843 

6 Q.22846645 

i 0.22846371 

The i n d i c a t i o n  from these  numbers i s  t h a t  t h e  e r r o r  approximately 

varies wi th  t h e  f o u r t h  r a t h e r  than t h e  t h i r d  power of t h e  node p c f c t  spacing. 

A poss ib l e  explana t ion  i s  that e r i o r s  i n  f i r s t  and second o rde r  derivatiT-.es 

tend t o  cance l  one another.  

For plate and s h e l l  htJckling o r  bending problems, t h e  later21 d i s -  

placements w aFFear i n  d e r i v a t i v e s  up t o  second order .  

ments u, v ara only included i n  d e r i v a t i v e s  up to f i r s t  order.  

admissable d isp iacehent  funccioris i n  the  Rayleigh-Ritz sense are SKL t h a t  u 

and v are i n  C and w i n  C . 

The inplane  d isp lace-  

Therefore, 

0 1 
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A t  an  element i n t e r f a c e ,  as shown i n  F igure  6.11, t h i s  means t h a t  

u,v,w and aw/aC are requi red  t o  be  continuous, where 5 is  any coord ina te  i n  

t h e  p lane  of t h e  element not p a r a l l e l  t o  t h e  boundary. 
. .  

I 
c" "' 

I 

Figure 6.11. Adjacent P l a t e  Elements 

--Y- 

P l a t e  o r  s h e l l  elements t h a t  s a t i s f y  these  condi t ions  are r e f e r r e d  

t o  as conforming elements. I f  such elemencs are used, convergence is a s s w e d  

(Rayhigh-Ritz equ iva len t ) ,  provided t h a t  the polynomial approximations zre 

a t  least of f i r s t  o rde r  accuracy, E = O ( h ) .  Convergence is from above, i .e. ,  

the coa r se r  t h e  g r i d  is, t h e  higher t h e  s t r a i n  energy i n  t h e  system and t h e  

h igher  t h e  buckling load. F i n i t e  elements were used success fu l ly  f o r  p l a t e  

and s h e l l  a n a l y s i s  before  t h e  method w a s  e s t ab l i shed  as a form of the  Rayleigh- 

R i t z  procedure. These elements were not  conforming. 

Experience has  shown h a t  an  a n a l y s i s  based on noacnnfonnlng ele- 

ments msy cullverge t o  t h e  c o r r e c t  s o l u t i o n .  

found ( see  Ref. 6.7, f o r  example) t h a t  w i th in  t h e  level of zczuracy gener- 

a l l y  r equ i r ed  i n  engineering a n a l y s i s  t h e  zowonforming elements show bet-  

ier convergence p rope r t i e s .  

In f a c t ,  i t  has  o f t en  been 

The reason fo r  t h i s  is t h a t  theconforming ele- 

(i' :::. 
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ments, w i th  convergence from above, overestimate t h e  s t i f f n e s s  of t h e  

s t r u c t u r e .  

i n  a n  e r r o r  of oppos i te  sign. 

than 

r ep resen t ing  t h e  displacements. 

Relaxation of in te re lement  displacement c o n s t r a i n t s  r e s u l t s  

Moreover, t h i s  is an e r r o r  of lower order  

t h e  e r r o r  introduced through t runca t ion  of t h e  l o c a l  power series 

I f  two methods wi th  d i f f e r e n t  order  of accuracy are applied eo 
models w i th  i d e n t i c a l  g r i d s ,  t h e  r a t i o  between the e r r o r  bounds fox t h e  

two methods can be w r i t t e n  in t h e  form 

R chPn, m > n ( 6 . 3 6 )  

where c i s  some cons tan t  and m and n t h e  o rde r s  of accuracy of the two 

methods. Fo i  a r e l a t i v e l y  coarse g r i d ,  t h e  e r r o r  may be much smaller thn? 

the e r r o r  bound, and i t  is  poss ib l e  t h a t  a lower order  method w i l l  g i v e  

more accu ra t e  r e s u l t s .  However, f o r  s u f f i c i e n t l y  s m a i l  g r i d  spacing, t h e  

lowest order  t e r m  i n  t h e  e r r o r  w i l l  dominate and the h igher  order  method 

must r e s u l t  i n  a smaller e r r o r .  The a n a l y s i s  w i th  conforming elements con- 

ve rges  from above and t h e  corresponding a n a l y s i s  with re laxed  compat ib i l ty  

requirements g ives  a lower v a l u e  of t h e  s t r a i n  energy. Since t h e  a n a l y s i s  

w i th  nonconforming element= (being of lower order )  r e s u l t s  i n  l a r g e r  e r r o r  

f o r  small g r i d  spacfng, i t  may be concluded t h a t  a noncmforming element 

cannot converge u n i f o r d y  from above. Also.  i f  f o r  some g r i d  s i z e ,  t h e  

nonconforming element underestimates t h e  s t i f f n e s s ,  e r r o r  can  only be 

increased  by in txo iuc t ion  of freedoms t h a t  do no t  a f f e c t  in te re lement  com- 

p a t i b i l i t y ,  snch as displacements a t  i n t e r n a l  nodes. 

... 

I n  add i t ion  t o  t h e  use of nonconforming elements, Strang ( R e f ,  6.8j 

l ists  among " v a r i a t i o n a l  crimes" the  use  of numerical i n t e g r s t l o n  and approx- 

imation of domain and boundary condi t ions .  

Gaussiay p o i n t s  tends,  l i k e  displacement incompa t ib i l i t y ,  t o  weaken t h e  sys- 

t e m .  A s  a consequenct of t h e  tendency of such nppmximataons t o  weaken a 

s t r u c t u r a l  model t h a t  otherwise is too  s t i f f ,  t h e  world of f i n i t e  elernetts 

is indeed one i n  which "crime" py! 

Zse of i n t e g r a t i o n  wi th  too  few 

c::::::: , . . . . . . . . . ;. ... ...... 
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After t h e  f i n i t e  element method was given a t h e o r e t i c a l  foundation 

as a form of t h e  Rayleigh-Ritz procedure, t h e  wisdom of using nonconforming 

elements was questioned. 

t i o n s  is  compelling, and even tua l ly  t h e  au tho r s  of Ref. 6.7 suggested t h a t  

non-conforming elements can be accepted i f  they pass  "the pa tch  test." 

p l a t e  and s h e l l  ements t h e  pa tch  test  r e q u i r e s  t h a t  cons tan t  s t r a i n  and con- 

s t a n t  change of cu rva tu re  are maintained through any patch of elements when- 

ever 

However, t h e  evidence of  success  i n  previous applica- 

For 

corresponding cond i t ions  are appl ied  a t  pa t ch  boundaries. 

It has  n o t  been e s t a b i i s h e d  i n  a r igorous  mathematical way t h a t  t h e  

pa t ch  test: i s  a s u f f i c i e n t  cond i t ion  f o r  convergence t o  t h e  c o r r e c t  solu- 

' t i o n .  However, Iroris (Ref. 6.9) p r e s e n t s  a h e u r i s t i c  argrtment f o r  s u f f i -  

ciency. 

curva ture  d h i n i s h e s  so  t h a t  i n  t h e  l i m i t  these  q u c n t i t i e s  are e s s e n t i a l . 1 ~  

cons t an t  i n  any loading  case. 

With decreas ing  g r i d  s i z e  t h e  v a r i a t i o n  of s t r a i n  and change of 

Regarding t h e  n e c e s s i t y  of t h e  requirement, it is easy t o  con- 

s t r u c t  a counter example. Consider, f o r  example, two elements, one of which, 

R1, is conforming and t h e  o t h e r ,  R,, is  nonconforming, does no t  pass  t h e  

pa t ch  test, and a c t u a l l y  converges toward an inaccura t e  s o l u t i o n .  I f  t h e  

s t i f f x a s  matrices of R and R are K and K then a 3 e w  element, , can 

be defined so t h a t  its s t i f f n e s s  n a t r i x  K 

es zero  wi th  t h e  grid  s i z e  h. 

for aRy f i n i t e  va lue  of h. H 6 w a ? c r Y  i n  t h e  l i m i t ,  i t  i s  conforming so  t h a t  

convergence t o  t h e  c o r r e c t  s o l u t i o n  i s  c e r t a i n .  For most element configura- 

t i o n s  the  pa tch  test is i n d i f f e r e n t  t o  t h e  s i z e  of t h e  element. Therefore, 

i t  i s  a praeLica1 test, but poss ib ly  i t  should be relaxed so t h a t  compliance 

is requi red  only i n  t h e  l i m i t  h + 0. 

L 

e e 

e 
3 1 2 

1 2 1 2' &3 
= (1 - a )  Ke + aKe where c1 approach- 

The element R3 w i l l  no t  pass t h e  patch test 

There is nc clear d i s t i n c t i o n  between t h e  f i n i t e  element method and 

It seem reasrznahle t o  d e f i n e  as  a f i n -  t h e  f i n i t e  d i f f e r e n c e  energy method. 

ite element method a d i s c r e t i z a t i o n  scheme i n  xhich t h e  displacement p a t t e r n  

i n s i d e  t h e  element i s  determined without t he  Lise of nodal freedoms ou t s ide  

the close::! domain of t h e  element. XiLh t h i s  requirement, each b a s i s  func t ion  

..... . 
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is nonzero a t  one node only. 

the d e r i v a t i o n  of s t i f f n e s s  matrices and t h e  development of comptuer programs. 

The l u c i d i t y  of t h e  method.and Its w e l l  e s t ab l i shed  formulation are probably 

t h e  m j o r  reasons f o r  i ts g r e a t  popular i ty .  

method is somewhat less restrictive. The f i n i t e  element method conid have 

been a r r i v e d  a t  by s p e c i a l i z a t i o n o f t h e  f i n i t e  d i f f e r e n c e  energy method. W e  

may n o t i c e  t h a t  i n  the  f i n i t e  d i f f e r e n c e  energy method w e  a l low inconpa t ib l e  

t r i a l  func t ions  i n  t h e  one-dimensional as w e l l  as  i n  more genera l  cases. 

use of d i f f e r e n t  polynonxials f e r  d i f f e r e n t  d e r i v a t i v e s  of t h e  same func t ion  

ia t h e  f i n i t e  d i f f e r e n c e  d i s c r e t i z a t i o n  obv ia t e s  a convergerice proof based 

on equivalence wi th  the  R i t z  proceduze. However, i t  can  be shown t h a t  t h e  

d i f f e r e n c e  between equations based on t h i s  approach and one t h a t  is cousis- 

t e n t  with a Rayleigh-Ritz approach vanishes  with decreasing g r i d  s i z e .  

This s i m p l i c i t y  a l lows  a c e r t a i n  formalism i n  

The f i n i t e  d i f f e r e n c e  energy 

The 

6.5 Some Spec ia l  Problems 

In t h i s  s e c t i o n  soae  s p e c i a l  problems connected wi th  t b  use of 

d j s c r e t i z e d  numerical a n a l y s i s  are discussed. 

0 F l r s t ,  t h e  choice of Gaussian p o i n t s  f o r  t h e  numerical i n t e g r a t i o n  

is considerzd. 

tid. coordinates.  

pointstomaice i n t e g r a t i o n  of a given o rde r  polynomial exact.  

p o i n t s  are se l ec t ed ,  t h e  computer run  time f o r  formula t ion  of a s t i f f n e s s  

mat r ix  i s  reduced, but a t  t h e  same t i m e  an  e r r o r  i s  introduced through in- 

accuracy i n  t h e  in t eg ra t ion .  This e r r o r  u sua l ly  r e s u l t s  i n  a n  underestimate 

o f  t h e  strair, energy +n t h e  element f o r  a given displacement conf igura t ion .  

A s  was pointed o u t  above, t h i s  u ideres t imat ion  may i n  some cases be bcilefl- 

cial .  On t h e  o the r  Esnd, i t  may lead t o  spur ious  r e s u l t s .  I n  p a r t i c u l a r ,  

some displacement p a t t e r n  t h a t  produces no s t r a i n  energy a t  a l l  may ‘be per- 

mitted.  I n  the  l i t e r a t u r e  (Ref- 6 . 4 )  such a displacement p a t t e r n  is  some- 

t i m e s  ‘referred t o  as a spur ious  mechanism. I n  a r e c t a n g u l a r c o n s t a n t s z r a i n  

element (Figure 6.12), f o r  exar;ple, one Gaussian p o i n t  nay be used (anslo- 

gous t o  t he  rectaiigle r u l e  i n  one-dimensional d i s c r e t i z a t i o n )  - see Figure  

6.5!a). 

The s t r a i n  energy is expressed as  a polynomial i n  t h e  spa- 

It is poss ib l e  t o  choose s u f f i c i e n t l y  many i n t e g r a t i o n  

If fewer 
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For a f l a t  element and wi th  u denoting t h e  displaceBent i n  t h e  

x-d i rec t ion ,  e = u ,  . The stress window f o r  E: i n  loca ted  a t  P with 
X X X 8.. t-:x:-::- 

l... 

3 u1 + u4 - u- 
u -  2 

2h 2h e =  
X 

(6.37) 

This express ion  i s  of second order  accuracy, bu t  a displacement p a t t e r n  i n  

which 

(6 .38 )  -u4 
-u = 
1 u =  2 u =  3 

produces no s t r a i n  energy a t  the  i n t e g r a t i o n  poin t .  

The opt ion  of us ing  f o u r  i n t e g r a t i o n  po in t s  i nc reases  t h e  formula- 

t i o n  t i m e  ccns iderably  and a t  the  same t i m e  it, lowers t h e  order of t h e  e r r o r  

bound. Therefore,  i t  appears t o  be p re fe rab le  t o  use  only one i n t e g r a t i o n  

po in t  and t o  u s e  o the r  means f o r  suppression of t h e  spurious deformation 

modes. It is  probably s u f f i c i e n t  t o  inc lude  f m r  (or poss ib ly  two) i n t e -  

g r a t i o n  p c i n t s  only i n  elements along s h e l l  edges on which inp lane  d isp lace-  

ment components are n o t  cons t ra ined .  
. .. . 

0 Spec ia l  problems may be introduced i f  t h e  sLrain energy i n  t h e  ele- 

ment due t o  a r i g i d  body displacement is  n c t  exac t ly  zzro. b u t  r a t h e r  approaches 

zero  wi th  t h e  node po in t  spacing. For i l l u s t r a t i o n  of t h i s  problez,  an elemmt 

of a c i r c u l a r  arc is  shown i n  Figure 6 . 1 3 .  

The case is  considered i n  whic:i the  c l r c u l a r  a r ch  i s  r i g i d l y  d i s -  

placed a d i s t a n c e  6 i n  t h e  x-direction. 

then  d e f l x d  by 

The d i s F l z c m e n t  compocznts are 

w = 6 s i n  (6 + 0) 
v '= 6 cos  (6 + 0) ( 6 . 4 0 )  
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Figure 6.12. Rectangular Yembrane Element 

. . . . . . . ...... .... 

1 
Figure 6.13. Rigid Displacement of Curved Blement 
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.... It is nu t  poss ib l e  wi th  a t runca ted  power series i n  8 t o  r ep resen t  

The s t r a i n  energy i n  tfie arc due t o  t h i s  t h i s  displacement p a t t e r n  exactly.  

r i g i d  body displacement w i l l  approach ze ro  only wi th  vanishing g r id  s i z e .  

Thjs problem w i l l  r e c u r  whenever t h e  geometry of t h e  element i s  defined by 

use  of polynomials t h a t  are of hlgher o rde r  than those  t h a t  r ep resen t  t h e  

displacement componeiits (supez parametric mapping). There are cases i n  

which t h e  r i g i d  body displacement of a n  element i s  VEKY l a r g e  i n  compari- 

son to t h e  displacements corresponding t o  element d i s t o r t i o n .  I n  such 

cases coilvergence may be very slow f o r  elements in which the  r i g i d  body 

energy is  not e r a c t l y  zero b u t  r a t h e r  p ropor t iona l  t o  some power of t h e  

nodal  po in t  spacing. 

a I n  nonl inear  anal'ysis o r  i n  s t a b j l i t y  a n a l y s i s ,  the d i r e c t i o n  

of convergence may p resen t  a s p e c i a l  problem. It i s  o f t en  undes i rab le  t o  

use  elements r e s u l t i n g  i n  convergence from below f o r  t h e  c r i t i ca l  load. 

Wheiizver t h e  buckling p a t t e r n  i s  l o c a l ,  a r a t h e r  f i n e  g r i d  must be used i n  

the area where buckling occurs. I f  t h e  convergence i s  frrtm above, a coa r se r  

g r i d  can be used i n  t h e  remaining p a r t  of the s t r u c t u r e .  

-- from below, a r e l a t i v e l y  f i n e  spacing must be maintained over a l a r g e r  p a r t  

of the  strutf_.i;ra, s i n c e  otherwise t h e  e n e l y s i s  may i n d i c a t e  spur ious  buck- 

l i n g  i n  an  area wi th  lower stresses buc marser spacing. 

-- 
With convergence 
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6 .6  Some Options f o r  D i s c r e t i z a t i o n  
. .. .. ... . . . .. 

For p l a t e  o r  s h e l l  bending a n a l y s i s ,  a f u l l y  s a t i s f a c t o r y  d i s -  

c r e t i z a t i o n  procedure has s t i l l  t o  be developed. F i n i t e  d i f f e r e n c e  methods 

gene ra l ly  f a i l  t o  s a t i s f y  t h e  requirement of zero  s t r a i n  energy under r i g i d  

body displacements. Fur ther ,  t h e  d i r e c t i o n  of convergence wi th  t h e  g r i d  

s i z e  is unpredictable.  

of degrees of freedom and r e q u i r e  many i n t e g r a t i o n  poin ts .  

time f o r  formulation of the f i r s t  and second v a r i a t i o n s  i s  la rge .  

i n g  elernents of  lower order  are very  s t i f f  and convergence wi th  g r i d  s i z e  

i s  slow. 

very  accu ra t e  s o l u t i o n  i s  requi red  o r  i f  f o r  some reason convergence from 

above must be  assured. 

Most conforming f i n i t e  elements have a l a r g e  number 

The computer 

Conforni- 

The eonforming p l a t e  o r  s h e l l  e l enen t s  may have a p lace  when a 

. . . . . . . . . . . . . . . . . . . . . . 

A number of d i s c r e t i z a t i o n  opt ions  f o r  STAGS are discussed i n  

t h i s  subsection. 

d i scussed  here. A more ex tens ive  a v a l y s i s  of t he  merits of t h e  d i f f e r e n t  

formulations is given i n  Appendix D. 

s t u d i e s  are a l s o  included i n  t h i s  Appendix. 

The shortcomings and poss ib l e  advantages are b r i e f l y  

The r e s u l t s  of a few convergence 

STAGS Er l f -S ta t lon  Scheme 

The f i r s t  ve r s ion  of STAGS (STAGS A) w a s  based on t h e  f i n i t e  

d i f f e r e n c e  d i s c r e t i z a t i o n  r e f e r r e d  t o  i n  Section 6.4 as  t h e  STAGS ha l f -  

s t a t i o n  scheme, Figure 6.7a. The primary weakness of t h i s  scheme is  i t s  

i n e f f i c i e n c y  i n  nonl inear  and s t a b i l i t y  analyses.  It i s  s u f f i c i e n t  f o r  

i l l u s t r a t i o n  of t he  problem t o  cons ider  a beam element. The s t r a i n  a t  the  

n e u t r a l  axis of t h e  beam is 
I 

/ 

(6.41) 2 2 
€ =  u p - -  A + 112 hX + W,J X 

. . . . . .... ...... 
.... 
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For d e f i n i t i o n  of t h e  s t r a i n  E 

be determined a t  t h e  same i n t e g r a t i o n  poin ts .  

p o i n t s  and u a t  h a l f  s t a t i o n s ,  i t  is n o t . p o s s i b l e  t o  use  the  most favorable  

express ion  ( the  stress window) f o r  u , ~  as w e l l  as f o r  w, 

t h e  s p a t i a l  d e r i v a t i v e s  u , ~  and v, must 
X' X 

I f  w is defined a t  t h e  node 

X' 4 

I n  a d d i t i o n  t o  i n e f f i c i e n c y  f o r  geometrically nonlinear problems, 

the h a l f - s t a t i o n  scheme has t h e  disadvantage Lhat i t  r e q u i r e s  the  d e f l n i t i o n  

of inp lane  displacements a t  f i c t i t i o u s  po in t s  ou t s ide  the  s h e l l  boundaries. 

F i n a l l y ,  t h e  s t r a i n e n e r g y d u e  t o  a r i g i d  body displacement of a shell elemezrt 

of gene ra l  shape i s  n o t  e x a c t l y  zero  but  i t  vanishes wi th  t h e  f o u r t h  power 

of the  mesh size. 

- STAGS Whole-Station Scheme 

The STAGS whole-station scheme i s  i l l u s t r a t e d  i n  F igure  6.7b. 
With t h e  membrane and bending energ ies  in t eg ra t ed  over d i f f e r e n t  sets of 

i n t e g r a t i o n  p o i n t s ,  i t  i s  poss ib l e  t o  make use of t h e  stress windows f o r  

u, as w e l l  as  f o r  w, . This  r e s u l t s  i n  much b e t t e r  convergence f o r  t h e  

buckling o r  c o l l a p s e  loads.  
X X 

. . . . . . . . . . ._. . . . -. . . . . . 

However, t h e  whole s t a t i o n  scheme s u f f e r s  from d f f f i c u l t i e s  con- 

nected w i t h  too f e w  i n t e g r a t i o n  poin ts .  

discussed i n  Section 6.5 occurs f o r  c e r t a i n  boundary condi t ions .  Furthermore, 

t h e  stress windows f o r  membrane s t r a i n s  do no t  co inc ide  wi th  those f o r  t h e  

changes of  curvature.  

i o r a t e s  when coupling between membrane and bending stresses is included 

( s h e l l s  wi th  e c c e n t r i c  s t i f f e n i n g ) .  Again, t h e  s t r a i n  energv under a r i g i d  

body motion i s  not cxac t ly  zero. 

The strair? f r e e  displacement patter;: 

Therefore, t he  accuracy f o r  d given g r i d  s i z e  de te r -  

Modified Whole-Starion Scheme 

I n  a n  e f f o r t  t o  remove t h e  major shortcomings of t h e  schemes shown 

The in tegra-  i n  F igure  6.7, a t h i r d  f i n i t e  d i f f e r e n c e  scheme w a s  develgped. 

tinn area ( the  element) was divided i n t o  four  d i f f e r e n t  subareas,  l through 4 
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as shown i n  Figure 6.14, and t h e  d i f f e r e n t  q u a n t i t i e s  i n  t h e  expressions 

for  s t r a i n  and change of curva ture  w e r e  determined a t  t h e  loca t ions  indi-  

ca ted .  

.... 
(.:: .:. 

. . . . . . . . . -. . . . . . . 

Quantity Location 

E b 
X 

E C 
Y 

d 
yXY 

Quantity Location 

b fix 

B Y  
C 

a 

W a 

W d 

W xx 

Y” 
XY 

Figure  6.14. F i n i t e  Di f fe rence  Scheme f o r  STAGSC 

This formulation w a s  introduced i n  a later STAGS ver s ion  (STAGSC). 

In many a p p l i c a t i o n s  it proved t o  be more e f f i c i e n t  than any of t h e  schemes 

shown i n  Figures 6.7a and b. However, it r e q u i r e s  somewhat longer t i m e  f o r  

formulation of t h e  f i r s t  and second v a r i a t i o n s  and t?,e r i g i d  body d isp lace-  

ment problem is  more a c u t e  because t h e  s t r a i n  energy due t o  r i g i d  body d is -  

placement is  p ropor t iona l  t o  the  square of t h e  mesh s i z e .  

Curved Element : STAGC 

In a l l  t h e  t h r e e  f i n i t e  d i f f e r e n c e  schemeb d iscussed  above only 

t h e  t h r e e  displacement components are used as nodal freedoms ( w i t \  t h e  
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except ion  of nodes on branch boundaries i n  STAGSC). Advantage is taken of 

stress windows so  a second o rde r  accuracy is  obtained with a minimum number 

of  node p o i n t  va lues  involved i n  each expression. Therefore, a n a l y s i s  wi th  

these  STAGS ve r s ions  has  been q u i t e  e f f i c i e n t  d e s p i t c  Lhe shortcomings d i s -  

cussed above. 

The exc lus ion  of r o t a t i o n s  as freedoms makes programming q u i t e  

involved i f  beams 2nd r o t a t i o n a l  sp r ings  are included i n t h e  model o r  i f  

branch connections along i n t e r n a l  g r i d l i n e s  are allowed. 

scheme wr?s derived f o r  STAGS i n  which t h e  two hiplane r o t a t i o n  components 

w e r e  included as a d d i t i o n a l  degrees  of  freedom ac each node. 

t h e  la teral  displacement and two r o t a t i o n s  a t  each corner of t h e  element 

provide twelve nodal  freedoms f o r  determination of t h e  l a te ra l  displacement 

f i e l d  wi th in  t h e  element. Since a complete cubic  conta ins  no more than 

t e n  terms, two f c c r t h  order terns w e r e  added t o  t h e  displacement func t ion  

(compare Eq. 6.3). Twelve corner  displacements and r o t a t i o n s  are determ- 

i s e d  from 

Therefore, a 

I n  t h a t  case, 

2 2 a + a  x + a  y + b l l x  + b l 2 x 4 + b Z 2 y  0 1  2 w =  
. . ... . . . . . .... 

2 2 3 
122 xy + c22 x 3 + c  x y + c  

112 
f C  Ill (6.42) 

The express ions  f o r  t h c  second order d e r i v a t i v e s  of the la teral  d isp lace-  

ments so obtained are of t h i r d  o rde r  accuracy a t  t h e  four  i n t e g r a t i o n  po in t s .  

With t h e  displacement f i e l d  depending on degrees of freedom on t h e  Plcvent 

boundary only,  t h l s  ccoz igura t ion  can be c lass i f i ' ed  

The s h e l l  w a l l  r o t a t i o n  around a boundary between two elements can only be 

determined a s  a f i r s t  o rder  func t ion  from freedoms t h a t  are common t o  two 

ad jacen t  elements (cs rner  r o t a t i o n s ) .  The displacement field a l lows  cubic  

v a r i a t i o n  of t h i s  r o t a t i o n  and consequently t h e  element is nonconforming. 

This reduces t h e  method t o  one wi th  a f i r s t  o rder  accuracy. It may be hoped, 

however, tnat  f o r  g r i d  s i z e s  i n  t h e  p r a c t i c a l  range the e r r o r  due t o  noncon- 

as 2 f i n i t e  element. 

.~ . . . . . . . . . 
t. 6-35 



formi ty  is still  of approximately t h e  same s i z e  as the  t runca t ion  error i n  

t h e  l o c a l  expressions f o r  t h e  changes of curvature.  

if: seems reasonable t o  determine t h e  membrane s t r a i n  energy to  t h e  same 

o r d e r  of accuracy as t h e  bending s t r a i n  energy. 

i np lane  displacement f i e l d s  are expressed by use  of a complete quadra t ic .  

The displacement i n  t h e  x-d i rec t ion  i s  defined by 

If t h a t  is t h e  case, 

This i s  ieh ieved  i f  t h e  

u = u1 + u2 

-where t h e  c o e f f i c i e n t s  i n  the polynomial 

u1 a -i bl x 4- b y + c12 xy 
0 2 

f 

are determined i n  terms of t h e  displacement conponents a t  t h e  e l enen t  ccr- 

ners. r ep resen t ing  t h e  so-called bubble nodes d i s -  2 
cussed i n  Reference 6 . 4 ,  page 176, completes the  quadra t ic  

The c o r r e c t i o n  t e r m  u 

where 5 

zero  o r  

.. ... 

21 and c 

and rl are dimensionless space coord ina tes  chosen so t h a t  they are 

one on element boundaries (isc;;Idmetric mapping). 

The two terms of u vanish a t  corner  nodes. The c o e f f i c i e n t s  c,, 2 -_ 
are included a s  degrees of f r e e d m  of t h e  system. The displacement 

v i n  the  y-d i rec t ion  i s  t r e a t e d  i n  the same way. 

Use of t h e  bubble modes rewlts i n  nuiicclnf oruiing inp lane  d isp lace-  

ments. However, i t  i s  shown i n  Ref. 6 . 4  t h a t  a r ec t angu la r  element wi th  

bubble modes w i l l  pass t h e  pa tch  test. 

Due t o  t h e  h igher  o rde r  accurscy i n  t h e  l o c a l  power series, t h i s  

element appears i n  many a p p l i c a t i c z s  t o  be more e f f i c i e n t  than  zny of t h e  

f i n i t e  d i f f e r e n c e  formulations discussed above. However, due t o  t h e  l ack  of 

conformity, ques t ions  can  be r a i s e d  r ega rd izg  i ts  r e l i a b i l i t y ,  p a r t i c u l a r l y  



for elements wi th  nonrectangular p lan  form. 

a r i g i d  body displacement i s  not  exac t ly  zero. 

Also, t h e  s t r a i n  energy due t o  
. .  F,; 

F l a t  Eleixent: STAGF 

A f l a t  element w a s  developed f o r  use  i n  STAGS so that one formula- 

Lion would be a v a i l a b l e  i n  which t h e  s t r a i n  energy due t o  r i g i d  body d isp lace-  

ments is e x a c t l y  zero. 

elements d i scussed  by Kaspar W i l l i a m  i n  Reference 6.10. 

p re se i i t ed inBef .  6.10 have been used d i r e c t l y  i n  the  d e r i v a t i o n  of the  s t i f f -  

ness rcatrix. 

The r e s u l t i n g  formulation has much i n  comon with t h e  

Sone of t he  equations 

A s  a background t o  t h i s  d i scuss ion ,  a node po in t  on a curved s h e l l  

s u r f a c e  i s  considered 8 s  shown i n  F igure  6.15. A t  t h e  node +he t h r e e  d i s -  

placement components, u,v,w, are obvious degrees of freedom of t h e  system. 

The t w o r o t a t i o n  components, B1 and B 2' 
must a l s o  be included as freedoms i n  a bending element. 

r e spec t  t o  t h e  t h i r d  r o t a t i o n  component varies. 

l y  defined, as i n  t he  presence of a shear s t r a i n ,  d i f f e r e n t l y  o r i en ted  l i n e  

segments through t h e  node w i l l  r o t a t e  through d i f f e r e n t  angles.  

r o t a t i o n  of th-s h u n d a r y  l i n e  between elements 1 and 2 ( see  f i g u r e )  have no- 

th ing  t o  do wi th  t h e  r o t a t i o n a l  compa t ib i l i t y  between elements 2 and 3.  

t h e r e  i s  more than  one degree  of freedom corresponding t o  t h e  r o t a t i o n  compon- 

e n t  B 

ments, t h e r e  are two freedoms corresponding t o  normal r o t a t i o n ,  each repre- 

s e n t i n g  tlle r o t a t i o n  of one of tlie two g r i d l i n e s  i n t e r s e c t i n g  a t  t h e  node. 

Equivalently,  a n  averzSc r o t e t i o n  and a shear s t r a i n  can be defined as  deg- 

rees of freedom. 

along t h e  tangent t o  t h e  g r i d l i n e s  

The p r a c t i c e  with 

This compczent i s  no t  unique- 

Clear ly ,  t h e  

Hence, 

I f  t h e  shear  s t r a i n  --- a t  t h e  node i s  t h e  same i n  each of t he  fou r  ele- 3' 

When a curved s h e l l  su r f ace  i s  apprcximated by f l a t  elements, the 

geometric model has  s lope  d i s c o n t i n u i t i e s  between ad jacent  elements. 

cond i t ions  f o r  displacement c o n p a t i b i l i t y  between t h e  elements become q u i t e  

coinplicated i n  t h i s  case. 

f o r  demonstration c?f t he  coiisequences of slope d i s c n n t i n c i t i c s .  

The 

For s i m p l i c i t y  a c y l i n d r i c a l  s u r f a c e  is used h e r e  

Two adjacent  
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Figure  6.15. F l a t  Element on Curved Surface 

. . . . . . . . . . . . . . . . . . . .. .. 

Figure 6.16. F l a t  Elements on Ciiczlar Cylinder 
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f l a t  elements i n  a r ep resen ta t ion  of a c i r c u l a r  c y l i n d r i c a l  su r f ace  are 

shown i n  F igure  6.16. The s u p e r s c r i p t s  r e f e r  t o  t h e  elemont number. . . . . . . . . . . . . . . . . . . ._ ........ , . . . . .. . . ... - .... 

The r o t a t i o n  component6 i n  the  d i r e c t i o n  of the  common boundary 

However, t h e  (2 1 = B1 (1) must be t h e  same f o r  bo th  elements, i .e.,  B 1  
o t h e r  two r o t a t i o n  components are coupled. 

Therefore, whenever # 0, t he  normal r o t a t i o n  component must be 

included as a freedom i n  the  system i n  order t o  make poss ib l e  t h e  enforce- 

ment of r o t a t i o n a l  compat ib i l i ty .  Usually the  compofieiitB is no t  allowed 

t o  a f f e c t  t h e  inp lane  displacement f i e l d s .  Then i f  t3e elements are i n  t h e  

same plane  (a = 0) t he  normal r o t a t i o n  component does not c o n t r i b u t e  t o  t h e  

s t r a i n  energyand t h e  equat ion  system becomes s ingu la r .  

t h e  elements i s  small, t h e  system b.ecomes ill conditioned. 

f l a t  elements used i n  s h e l l  a n a l y s i s  t h e  normal r o t a t i o n  cczpunent is d is -  

carded as a freedom i f  t h e  angle  between the  element is less than some pre- 

determined value.  

3 

If t h e  angle  between 

Generally f o r  

The inp lane  displacement components (u ,v j  occur a t  most i n  f i r s t  

o rde r  d e r i v a t i v e s  while t he  changes of curva ture  are f w c t i o n s  of t h e  sec- 

ond order d e r i v a t i v e s  of t he  t r ansve r se  displacement cowyner?t w. Zipre- 

f o r e ,  w i s  usuzl.ly represented by h igher  order polynomiais than those  repre- 

s e n t i n g  u 2nd v. 

q u a d r a t i c  polynomials. 

Typically w is represented  by b icubic  and u and v by b i -  

For two f l a t  elements a t  an  angle  with one a m r h e r  complete d i s -  
0 

placement ccmpa t ib i l i t y  ( a l l  t r ia l  func t ions  i n  C ) r e q u i r e s  t h a t  along t h e  

ent fr e boundary 
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and I (6 .46 )  

Clea r ly ,  t h e s e  condi t tons  cannot be s a t i s f i e d  i f  w along t h e  bound- 

a r y  is represented by a t h i r d  order  and v by a second order polynomial. 

r e s u l t  i s  t h a t  i n  t h e  t r a d i t i o n a l  form t h e  f l a t  element i s  too f l e x i b l e .  The 

buckling load converges r a t h e r  slowly from below. 

The 

The f l a t  element can  be considerably improved i f  displacerrent com- 

p a t i b i l i t y  is enforced. This r e q a i r e s  t h a t  v be determined from a set of 

freedoms similar t o  t h e  set from which w is determined along a n  element bound- 

a r y  i n  t h e  axial d i r e c t i o n .  

d i s c r e t e  va lues  of w and w, 

v from end po in t  va lues  of v 

t i o n  

X 

A s  w along t h e  boundary is determined from t h e  

a t  the  end po in t s ,  i t  is  necessary 

and v, . Thus, v must be  cubic i n  
X 

Simi la r ly  f o r  com$letc compa t ib i l i t y  t h e  displscement 

t o  determine 

t h e  x-direc- 

component u 

must be determined from t h e  end po in t  va lues  of u and u, . Discrete va lues  

of v, and u, can be obtained from the average r o t a t i o n  and t h e  shear  s t r a i n  

al: t h e  node. Consequently, iT ihesc  q u a n t i t i e s  are introduced as degrees of 

freedom, a t h i r d  order  po lpomia1  can be used f o r  v i n  t h e  x-d i rec t ion  and 

f o r  u i n  t h e  y-d i rec t ion .  

Si'AGS. 

nodes were introduced. A t  t hese  nodes the  displacement t a n g e n t i a l  t o  t h e  

element boundary is  used as a degree of freedom. 

a t  corner nodes and 4 a t  midside nodes, t h e r e  a r e  a t o c a l  of 32 degrees of 

freedoq p e r  element. 

Cor t h i s  element are given i n  Appendix C. 

Y 

X Y 

An e lenent  of t h i s  type? w2s developed f o r  use i n  

I n  order t o  make t h e  inp lans  displacement a t  l e a s t  quadra t i c ,  midside 

With ? degrees of freedom 

The d e t a i l s  QT the d e r i v a t i o n  of a s t i f f n e s s  mairix 

, . . . . . . . . . . . . . . . . 
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AHMAD-Type Elements 

It is n o t  necessary  t o  u s e  a f l a t  element i n  order t o  pem. i t  r i g i d  

Any s h e l l  element geometry can be body displacements without strair, energy. 

made f r e e  from r i g i d  body s t r a i n  energy if its re fe rence  s u r f a c e  is  defined by 

polynomials t h a t  are a t  most of t he  same order as those r ep resen t ing  t h e  d i s -  

placements. This so-called i soparamet r ic  property is  takexi advantage of i n  

t h e  Ahmad elements (Figure 6.2e). Such elements are obtained 3y adap ta t ion  

of a three-dimersional element f o r  s h e l l  a n a l y s i s  and were f i r s t  introduced 

by Ahmad (Ref. 6.11) and f u r t h e r  developed by Pawsey (Ref. 6.13). Ahmad- 

type  elements can be w e d  f o r  moderately t h i c k  shells s ince  t r ansve r se  shear  

deforinations are included. 

A three-dinensional element is  sho:.~ in Figure 6.1?. The degrees 

of freedom of t h i s  element are the  t h r e e  displacement components at each of 

the 24 node poin ts .  However, the  number of freedoms may be reduced i f  t h e  

approxiciati-cns u s u a l l y  made i n  t h i n  s h e l l  theory are introduced, i .e. ,  it 

is  assumed t h a t  t h e  stress i n  +he d i r e c t i o n  of t h e  normal t o  t h e  middle sur- 

f a c e  can be neglec ted  and t h a t  the  normals remain s t r a i g h t  dur ing  deforma- 

t i on .  The assumption of a f i r s t  o rde r  s h e l l  theory  t h a t  t h e  normals remain 

.... . . . . . . . . ._ ........ ...- 

Figure 6.17. Three-Diaensional Element 
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normal t o  t h e  middle s u r f a c e  i s  n o t  made, and the re fo re  t h e  t r ansve r se  shear  

d e f a m a t i o n  is approximately accounted f o r .  

l i n e a r l y  through t h e  th ickness ,  a second order s h e l l  theory is  obtained. 

s t i l l  overestfmates t h e  shear s t i f f n e s s  because i t  corresponds t o  conetant 

shea r  stress through t h e  th ickness  r a t h e r  than t o  a parabol ic  d i s t r i h q t i o n .  

This  may be  compensated f o r  i f  t h e  modulus f o r  t r ansve r se  shear  is reduced 

by a f a c t o r  of  1.2. 

With the  displacements vary ing  

It 

The degeneration i n t o  a s h e l l  element is achieved by in t roduc t ion  

of r o t a t i o n s  as freedoms a t  each of t he  nodes on the  middle sur face .  The 

displacements a t  t h e  inne r  and o u t e r  su r f ace  are expressed i n  terms of t hese  

freedoms by u s e  of t h e  assumptions of s h e l l  theory. 

of freedom a t  each of t h e  midsurface nodes. Two Ahmad e l e n e n t s  are i l l u s -  

t r a t e d  i n  F igure  6.18. 

midsurface nodes, two r o t a t i o n  and t h r e e  displacement components. Thus, t h e  

element AHMADl has 40 degrees of freedom and AHMAD2 has 60. In  both cases ,  

t h e r e  i s  only one midside node on each normal t o  t h e  s h e l l  su r f ace ,  so t h i s  

n o r m a l m i _ t s t  be assumed t o  remain s t r a i g h t  during deformation. The s t i f f n e s s  

matrices f o r  t he  two elements were programmed f o r  nonl inear  a n a l y s i s  by Bob 

Clark i n  Department 81-12, Lockheed M i s s i l e s  and Space Company. 

There are f i v e  degrees 

There are f i v e  degrees of freedom a t  each of t h e  

The straiil energy i s  computed f romthedisp lacements  i n  t h e  q u z v a -  

l e n t  thee dimensional element. Bending and membrane a c t i o n s  are not  separated.  

Therefore,  it is necessary t o  use  a t  least two l a y e r s  of i n t e g r a t i o n  p o i n t s  

through t h e  s h e l l  thickness.  For t h e  element AHkTAD1, Gaiissian i n t e g r a r i o n  

is used i n  t h e  three d i r e c t i o n s  wi th  a 2 x 2 x 2 set of i n t e g r a t i o z  po in t s .  

U s e  oF more p o i n t s  r e s u l t s  i n  a system t h a t  i s  too  s t i f f .  Pawsey (Ref. 6.12) 

shows t h a t  wi th  a l i n e a r l y  vary ing  Saxl ing  moment, t h e  t r ansve r se  shear  strair! 

i s  accura t e ly  determined ocfy a t  t h e  p s i t i o n s  C = k 1/&, t h a t  i s  a t  the  loca- 

t i o n  of t h e  Gaussian p o i n t s  i n  a two-point scheme. 

3 x 3 x 2 set of i n t e g r a t i o n  p o i n t s  must be used i n  order t h a t  s t r a i n - f r e e  

displacemeat m d e s  be prevented. 

With t h e  element AHMAD2 a 

The AWAD-type e k n e n t s  have been used ex tens ive ly  i n  l i n e a r  stress 

They are curved s h e l l  elements xith zero  s t r a i n  energy under r i g i d  ana lys i s .  
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body displacements. The pa rabo l i c  r ep resen ta t ion  of t h e  curved su r face  essen- 

t i a l l y  e l imina te s  s lope  d iscont in tx i t ies  a t  element boundaries ( i n  t h e  unloaded 

s t a t e ) .  

i t  w i l l  pass  t h e  pa tch  test even i f  nonrectangular.  However, t h e  formulation 

t i m e  i s  r e l a t i v e l y  long and ques t ions  have been r a i s e d  about t h e i r  u se fu lness  

for very t h i n  s h e l l s  (Ref. 6.13). A d i scuss ion  of t h e  implementation of t h e  

AHMAD-type elements 511 STAGS i s  included i n  Appendix D. 

Unless t h e  element is used i n  combination wi th  o the r  types  of elements, 

The Clough-Felippa Elements: CFT, CFQ 

A q u a d r i l a t e r a l  element w a s  constructed by Clough and Felippa (Ref. 

6.14) through decomposition c f  t h e  element i n t o  f o u r  t r i a n g u l a r  subelements. 

The four  t r i a n g l e s  i n  one element need n o t  be i n  the  same plaxe.  

is conforming f o r  f l a t  p l a t e  ana lys i s .  

The  eleroent 

The o r i g i n a l  t r i a n g u l a r  bending element LCCT-12 inc iudes  1 2  degrees  

of freedom t o  a l low a piecewise cubic  v a r i a t i o n  of t h e  lateral displacement, 

w. 

body displacement and cases wi th  cons tan t  s t r a i n .  

ment i s  divided i n t o  t h r e e  t r i a n g u l a r  subelements. 

elements are t r i a n g l e s  wi th  two of fLs corner  p o i n t s  common wirh those  of t h e  

b a s i c  t r i a n g l e .  The t h i r d  ,orner, common f o r  t he  t k e e  subelements, is an in- 

t e r i o r  po in t  i n  t h e  b a s i c  t r i a n g u l a r  element. 

F igure  6.19. 

It i s  conformingin p l a t e  a n a l y s i s  and y i e l d s  exac t  s o l u t i o n s  f o r  r i g i d  

The bas i c  t r i a n g u l a r  ele- 

Each of t h e  t h r e e  hub- 

The scbd iv i s lon  is  shown i n  

For each of the sukclements, t h e  freedoms ars w, $ B a t  each 
x’ Y 

corner ,  where b x  and 8 
system. 

t i o n  of t h e  element boundary a t  t h e  midpoint of t h e  only boundsry l i n c  t h a t  

is e x t e r n a l  t o  the  b a s i c  t r i a n g l e  (see f igu re ) .  With 10 degrees of freedom, 

then t h e  10  c o e f f i c i e n t s  i n  a completn cubic f o r  t h e  la teral  displacement w 

can  be uniquely determined 

are r c t a t i o n  compoiirnls i n  a n  element-bound Car tes ian  

A t e n t h  freedom i s  provided by t h e  r o t a t i o n  component i n  the  d i r ec -  
Y 

The number of degrees of freedom of t h e  system can be  reducsd on 

t h e  element level i n  two d i f f e r e n t  ways. Freedoms a t  i n t r r i l a l  nodes do n o t  
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Figure  6.19. Tr iangular  Subelement 

couple wi th  those  i n  ad jacent  elements. Therefore, i t  i s  poss ib l e  through 

minimization of t h e  s t r a i n  energy t o  express these  freedoms i n  t e r m s  of t h e  

freedoms on t h e  s h e l l  boundaries. This procedure i s  usua l ly  r e f e r r e d  t o  as 

s ta t ic  cocdensation and does not  i n t roduce  a d d i t i o n a l  approxixitation. Free- 

doms can a k o  E;- elizilnated by t h e  i n t r o d u c t i o n  of c o n s t r a i n t s .  For example, 

t h e  displacement a t  a midpoint node on ail element bnlindary cazl be expressed 

as t h e  averqp of t h e  va lues  of t h i s  displacement componerit a t  t h e  end p o i n t s  

of t h e  boundary. This in t roduces  c o n s t r a i n t s  on t h e  deformat-tm and conse- 

quent ly  makes t h e  element less f l e x i b l e .  

I n  t h e  b a s k  i r l a n g u l a r  element, w, BX, are freedoms a t  four  
Y 

nodes and i n  a d d i t i o n  t h e r e  are t h r e e  r o t a t i o n  comopoiients a t  midiength f o r  

2 t o t a l  of 15 degrees of freedom. I n  t h e  l i n e a r  a n a l y s i s  t h e  i n t e r n a l  f r ee -  

doms can be d imina tec!  5y u s e  of s ta t ic  condensation wkic'n neans that the  

b a s i c  t r i a n g l e  has  12 degrees nf freedom. In nonl inear  a n a l y s i s  t h e  useful-  

ness of condensation i s  doubtful.  

t h e  r o t a t i m s  B 
It is poss ib le  i n  add i t ion  t c  e l imina te  

and $ by use  of t h e  r e s t r i c t i o n  the+ t h e  r o t a t i o n  4' $5' 6 

I: . 
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component i n  t h e  d i r e c t i o n  of t h e  element boundary varies l i n e a r l y  from one 

corner  t o  another.  

rees of freedom. 
. .. This  would r e s u l t  i n  a t r i a n g u l a r  element w i th  n i n e  deg- 

The Clough-Felippa q u a d r i l a t e r a l  element i s  composed of two or  f o u r  

b a s i c  t r i a n g u l a r  elements a s  shown i n  Figure 6.20. 

a t i o n  is used, t h e r e  are a t o t a l  of n ine  corner nodes with t h r e e  degrees  of 

freedom a t  each and e i g h t  midside nodes with one degree  of freedom a t  each 

f o r  a t o t a l  of 35 degrees of freedom i n  t h e  bending element. By u s e  of static 

c o d e n s a t i o n ,  a l l  t h e  unknowns a t  i n t e r n a l  nodes can b e  e l imina ted  on t h e  ele- 

ment l e v e l  and thus  only s i x t e e n  degrees of fieedom would be l e f t .  

t i o n  the  midpoint r o t a t i o n  i s  eliminated by use  of t he  c o n s t r a i n t  t h a t  t he  

r o t a t i o n v a r i e s  l i n e a r l y  along t h e  element boundary, a conforming q u a d r i l a t e r a l  

element is obtained wi th  1 2  degrees of frqedom. 

Unless s t a t i c  condens- 

I f  i n  addi- 

The inp lane  displacement f i e l d  f o r  a t r i a n g u l a r  element can be repre- 

s en ted  by a f u l l  quadra t i c  f o r  each of t h e  two components u and v (each of 

t h e s e  conta in ing  s ix  terms). 

polynomials f o r  u and v are expressed i n  terms of twelve nodal degrees of f r ee -  

dom. These are u and v a t  each of t h e  corners  of t he  t r i a n g l e  and t h e  d i s -  

p2aeements p a r a l l e i  zr,d normal t o  the  element boundary a t  midside nodes ( see  

F igu re  6.21;. I n  the  q u a d r i l a t e r a l  element, t h e r e  are 26 e x t e r n a l  and 10 :is- 

t e r n a l  degrees of freedom. I f  i n t e r n a l  freedorasare e l imina ted  through s ta t ic  

condensation and f r e e d e m  a t  midside nodes by a r t i f i c i a l  c o n s t r a i n t s ,  t h e  mem- 

brane element would have only e i g h t  degrees of freedom. 

r i l a t e ra1 , accoun t ing  f o r  membrane as w e l l  as bending a c t i o n ,  there are 61  deg- 

rees of freedon (35 + 26). 

be reduced t o  32 (LG + 16).  

va lues  are  e l imina ted  as  unkxoxis, i; q u a d r j l a t e r a l  membrane bending element can 

be derived with as few as  20 degrees of freedom (12 rf: 8). 

The twelvc c o e f f i c i e n t s  i n t h e  two second order  

For a complete quad- 

By use of condensation t h e  number of unknowns can 

By cons t r z in ing  the  element so t h a t  midside nodal 

The t r i a n g u l a r  nnci q u a d r i l a t e r a l  ve r s ions  of t h e  Clough-Felippa ele- 

ments are r e f e r r e d  t o  here  as CFT azd CX?, r e spec t ive ly .  

a t r i a n g u l a r  element i n  a s:icll program is important f o r  t h e  case of modeling. 

The a v a i l a b i l i t y  of 
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Figure 6.20. Decomposition of Quadrilateral Element 
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Figure 6.21. Freedoms in Membrane E l e m e n t  
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In STAGS t r i a n g u l a r  elements are used au tomat ica l ly  a t  t h e  apex of c losed  

s h e l l s  of r evo lu t ion  and a t  t h e  end p o i n t s  of "discontinued gr id l ines ."  

The CFQ element i s  conforming i n  p l a t e  ana lys i s .  However, i f  ad j acen t  * 

t r i a n g l e s  are no t  i n  t h e  sans plane, displacement incompat ib i l i ty  w i l l  

occur (compare d i scuss ion  of t he  STAGF element above) un le s s  t h e  eleutent 

i s  cons t ra ined .  The t r i a n g u l a r  element i s  expected t o  have only l imi t ed  

u s e  i n  STAGS. 

formulation f o r  t r i a n g u l a r  element i s  p r e s e n t l y  conteniplated. 

Consequently, t h e  e f f i c i e n c y  is less important and no o t h e r  

The q u a d r i l a t e r a l  element CFQ may be u s e f u l  p r imar i ly  f o r  l i n e a r  

a n a l y s i s  i n  which case f u l l  advantage can be taken of s ta t ic  condensation. 

The unconstrained element r e q u i r e s  cons iderable  computer time and becomes 

nonconforming f o r  curved s h e l l  ana lys i s .  

t h e  convergence wi th  g r i d s i z e  may be too slow f o r  e f f i c i e n t  opera t icn .  

I f  c o n s t r a i n t s  are introduced, 

* 

6.7 D i s c r e t i z a t i o n  i n  STAGS 

..... ... 

An e a r l y  ve r s ion  of t h e  program, STAGSA, i s  s t i l l  being used 

although i t  is r e s t r i c t e d  i n  scope. 

s t a t i o n  scheme d iscussed  i n  Sec t ion  6.6. Other f i n i t e  d i f f e r e n c e  schemes 

have been used i n  in te rmedia te  " u n o f f i r t a l "  ve r s ions  of t h e  Frogram. 

This ve r s ion  is  based on ihe ha l f -  

The STAGC ve r s ion  w i l l  i n i t i a l l y  inc lude  L:ie follcvizlg elements 

discussed above: 

The f l a t  q u a d r i l a t e r a l  STAGF element 

The AHMAD1 and AHMAD2 elements 

The Clough-Felippa t r i a g l e  (CFT) 

The Clough-Felippa q u a d r i l a t e r a l  (CFQ) 

The Clough-Felippa e l m e n t s  are used without: condensation. A con- 

tract w i t h  AFFDL, Wright-Eattersoc, provides funding f o r  evaluatiori cf t h e  

relative e f f i c i e n c y  of t h e  d i f f e r e n t  formulations.  

t a sk ,  it should be poss ib l e  t o  provide t h e  STAGS use r  wi th  advice regzrd ing  

t h e  choice  between the  d i f f e r e n t  formulaiions.  One o r  more ef t h e  formula- 

t i o n s  may be e l imina ted  as less e f f i c i e n t .  

After conclusion of t h i s  

. .  
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If i t  is 

t h e  bending energy ~. .... . . . . . . . , . . . . . . 
1 . .  . . . . . . . . . . . . . ... 

requi red  t h a t  r o t a t i o n s  be included as nodal  freedoms, 

can be expressed wi th  a t h i r d  o rde r  accuracy without 

u se  of nodal  displacements o u t s i d e  of t h e  closed domain of t h e  element. A 

lower o rde r  accuracy wi th  v e r y  r ap id  formulation is  excluded i n  t h a t  case. 

Consequectly, an element formula t ion  is  chosen r a t h e r  than one based 3n 

f i n i t e  d i f f e rences .  

The computer t i m e  f o r  formulation of t h e  s t i f f n e s s  ma t r ix  wi th  

any of t h e  elements d i scussed  abcve i s  several t i m e s  i I z  excess of t h e  form- 

u l a t i o n  t i m e  wi th  STAGSA. 

use  a coa r se r  g r i d  wi th  the  h igher  order elements. However, wi th  t h e  

simpl6sc f i n i t e  d i f f e r e n c e  formulation, a second order  accuracy can s t i l l  

be maintained i n  many cases.  I n  p a r t i c u l a r ,  t h i s  formulation inay be u s e f u l  

whenever a r e l a t i v e l y  f i n e  g r i d  a l r eady  i s  requj-red f o r  adequate d e s c r i p t i o n  

of t h e  s t r u c t u r e .  

cluded i n  t h e  eva lua t ion  under t h e  AFFDL con t rac t .  Some form of the  f i n i t e  

d i f fe rer tce  scheme w i l l  be re in t roduced  i f  t he  work under the  con t r ac t  i nd i -  

cates t h a t  such a c t i o n  would be appropr ia te .  

T h i s  may be compensated by the  p o s s i b i l i t y  t o  

Therefore, a f i n i t e  d i f f e r e n c e  formulation i s  a l s o  in- 

.. . 
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Sect ion  7 

SOLUTION PROCEDURES 
I 

7 .I In t roduc t ion  

I n  t h i s  s e c t i o n  capi ta l  La t in  letters a r e  c c n s i s t e n t l y  used t o  

denote  a matrix. 

by a parenthes is .  

scalars (with a f e w  obvious exceptions) by Greek le t te rs ,  

A genera l  opera tor  i s  denoted by z c a p i t a l  l e t te r  followed 

Vectors are r e f e r r e d  t o  Cy lower case Lat in  let ters and 

Depending on t h e  chosen'mode of a n a l y s i s ,  t h e  d i s c r e t i z a t i o n  of t h e  

phys ica l  model l eads  t o  a l i n e a r  equation system, an eigenval.de problem, a 

nonl inear  a l g e b r a i c  equation system, o r  i n  t h e  case of t r a n s i m t  s n a l y s i s ,  

an i n i t i a l  value problem. For any of t hese  problems, a number of d i f f e r e n t  

procedures are a v a i l a b l e  and the  i d e a l  choice between those  is o f t e n  case  de- 

pendent. Some c o n t r o l  parameters set by t h e  program may have profound e f f e c t  

on t h e  computer t i m e  requi red  f o r  so lu t ion .  

t h e  user  has  some understanding of s o l u t i o n  procedures involved. 

Therefore, i t  i-2 h p o r t a n t  t h a t  

Af t e r  t k  displacement func t ions  asd t h e i r  d e r i v a t i v e s  i n  t h e  gov- 

e rn ing  cTJations have been rep lsccd  by f i n i t e  d i f f e r e n c e  o r  f i n i t e  element 

approximations (see Section 6), t f i e s t r a i a  energy d e n s i t y  a t  i n t e g r a t i o n  poin t  

i can be w r i t t e n  the form 

i 1 -i T izi AU = ~ ( b  ) D 

i i where D i s  a 6 x 6 p o s i t i v e  d e f i n i t e  matrix and z is a c c l r a n  vec to r  of 

s t r a i n s  and cu rva tu re  changes a t  s t a t i o n  i. 

material p r o p e r t i e s  and t h e  geometric parameters of t h e  s h e l l .  

is a quadra t i c  f x c t i o n  of t h e  displacement unknowns and thus  1-1 

orde r  polyr.miai. 

i The m t r i x  D i s  d q e n d e n t  on t h e  
i 

i s  a four th-  

The v e c t o r  z 
5 

i 
The vec to r  of stress r e s u l t a n t s  s a t  s t a t i o n  i i s  given 

by 
* 

i i  s i = D a  (7 2) 
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The t o t a l  s t r a i n  energy I' is  obtained by i n t e g r a t i o n  of the  s t r a i n  

The procedures of i n t e g r a t i n g  by a Gaus- energy d e n s i t y  over t h e  s t r u c t u r e .  

s i a n  scheme (including t h e  r ec t angu la r  i n t e g r a t i o n )  over each element and 

adding over all elemevts can be w r i t t e n  i n  terms of one scalar product 

L 

I ' =  A u * a  (7 .3)  

where a is a v e c t o r  r ep resen t ing  the  weighting fzictors f o r  a11 i n t e g r a t i o n  

p o i n t s  and Au is  a vec to r  whose elements represent  t h e  s t r a i n  energy dens i ty  

a t  these po in t s .  

t o r  a equals  t h e  t o t a l  area of t h e  s h e l l  referecce su r face .  

I n  s h e l l  a n a l y s i s  t h e  sum of a l l  t h e  components of t h e  vec- 

The t o t a l  p o t e n t i a l  energy TI i s  obtained a f t e r  t h e  work n done by 

t h e  e x t e r n a l  f o r c e s  i s  subt rac ted  from t h e  straig energy 

TI = r - n  (7 4 )  

The work done by uniformly d i s t r i b x t e d  ioads  can be  in t eg ra t ed  i n  
i t h e  same way as t h e  s t r a i n  energy. L e t  v be a v e c t o r  whose elements are 

t h e  t h r e e  displacement components i n  a Car tes ian  system at  i n t e g r a t i o n  po in t  

f ;rnd l e t  t h e  v e c t o r  g r e p x s e n t  t h e  va lues  of t h e  t r a c t i o n s  (load per  u n i t  

area) i n  these  d i r e c t i o n s .  I f  t h e  vec to r  Aw r ep resen t s  t he  dens i ty  of t h e  

work done by t h e  e x t e r n a l  f o r c e s  a t  i n t e g r a t i o n  po in t  i, i t s  i t h  component 

is given by 

i 

i i 
A w i  = v * g  (7.5) 

It follows t h a t  

ll = (Au - Aw) a s (7.6) 

The components of du are a t  leasi; second qrder i n  the  displacement freedoms 

x and t h e  components of w are of f i r s t  crder. Consequently, t h e  f i r s t  varia- 

t io r ,  cf t h e  work done by the exccrna l  f o r c e s  is a vec to r  of cons t an t s ,  t h a t  
i 

. .. 
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is, i t  y i e l d s  t h e  load vec to r  o r  t h e  right-hand s i d e  i n  t h e  equation system. 

Derived i n  t h i s  way t h e  load vec tor  is  sometimes r e f e r r e d  to as a c o n s i s t e n t  

load vec tor .  I n  a nonconservative system t h e  t r a c t i o n s  g may be displacement 

dependent. I n  t h a t  case the  work done by t h e  e x t e r n a l  f o r c e s  w i l l  c o n t r i b u t e  

a l s o  t o  t h e  second v a r i a t i o n  of t he  t o t a l  p o t e n t i a l  energy. 

Frequerrtly a d i s t r i b u t e d  load  o r  a l i n e  load is represented by 

po in t  f o r c e s  (or moments) a t  t he  nodes. 

e x t e r n a l  forces i s  ins t ead  obtained as t h e  s c a l a r  product 

I n  t h a t  case the  work done by the  

R = x * f  (7.7) 

where t h e  vec to r  x r ep resen t s  t he  freedoms of t h e  system (displacements and 

r o t a t i o n s )  and t h e  v e c t o r  f r ep resen t s  corresponding nodal fo rces  and mments. 

The equations of motion a l s o  inc lude  i n e r t i a l  f o r c e s  and poss ib ly  

damplng. I n  t h e  d i s c r e t i z e d  system t h e  con t r ibu t ions  of t h e  i n e r t i a  f o r c e s  

are represented  by a mass-matrix t i m e s  the displacement unknowns. The ele- 

ments of t h e  mass matrix can be determined so t h a t  t he  k i n e t i c  energy A ob- 

t a ined  from t h e  m a s s  matrix equals  t h e  i n t e g r a l  over t h e  s t r u c t u r e  of t h e  kin- 

e t ic  energy dens i ty .  

from t h e  rate of change of t h e  degrees of freedom of t h e  s y s t z x  and t h e  func- 

t i o n s  used f o r  approximation of l o c a l  displacements ( i n s i d e  the  element). 

sequently.  t h e  elements of t h e  m a s s  ma t r ix  M can be obtained from 

I n  t h i s  i n t e g r a t i o n ,  displacement v e l o c i t i e s  are &ta ined  

Con- 

where m is a v e c t o r  wi th  oiie component f o r  each i n t e g r a t i o n  po in t  zepresent- 

i n g  t5e product nf t h e  mass d z n s i t y  and t h e  weighting f a c t o r  i n  t h e  Gaussian 

i n t e g r a t i m .  

squares  o€ t h e  displacement v e l o c i t i e s  a t  each of  t h e  Gaussian po in t s -  

each of thess s e l o c i t i e s  gene ra l ly  depend on a number of t h e  freedurns t h e  mass 

matrix w i l l  have o f f  d i agcns l  e n t r i e s .  

as a cnns is te r? t  mass matrix.  

The components of t he  v e c t o r  q are obtained as t h e  sum of t h e  

S ince  

Derived i n  t h i s  way i t  i s  r e f e r r e d  t o  
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Frequently,  a so-called lumped or diagonal mass rnatrix is  used. 

The s imples t  way t o  d e r i v e  such a matrix is t o  cancent ra te  t h e  mass a t  t h e  

node p o i n t s ,  I n  t h a t  case t h e  e n t r i e s  is the  m a s s  matrix corresponding t o  

t h e  t h r e e  displacements a t  each node are r e a d i l y  computed. A l l  o f f  d iagonal  

elements and stmetimes those  t h a t  correspond t o  r o t a t i o n a l  freedoms are set 

equal  t o  zero. For c e r t a i n  ope ra t ions  t o  be discussed below i t  i s  necessary 

to a t t a c h  some m a s s  t o  t h e  r o t a t i o n a l  freedoms. One p o s s i b i l i t y  is  t o  inc lude  

t h e  " ro t a ry  i n e r t i a " ,  t h a t  is, the  con t r ibu t ion  t o  t h e  r o t a t i o n a l  i n e r t i a  t h a t  

is due to t h e  s h e l l  thickness.  The r o t a r y  i n e r t i n  is  an extremely small ccn- 

t r i b u t i o n  and t h e r e f o r e  o t h e r  ways t o  l m p  the  mat r ix  have been proposed (see  

Ref. 7.1) 

be defined. 

deformation nodes. 

matrix CF t h e  diagonal f o r  elements corresponding t o  the  r o t a t i o n a l  freedoms. 

Consequently, t h e  d i agona l i za t ion  of t h e  m a s s  mat r ix  in t roduces  an a d d i t i o n a l  

approximation. The i d e a l  choice of a mass matrix depends on t h e  bas i c  type of 

a n a l y s i s  and on t h e  s o l u t i o n  procedures invclved. 

For any f i x e d  deformation mode an equiva len t  d iagonal  matrix can 

However, t h i s  mat r ix  w i l l  n o t  give accura t e  r e s u l t s  f o r  o t h e r  

One p o s s i b i l i t y  i s  t o  use t h e  va lues  of t h e  c o n s i s t e n t  mass 

\. . . . . . . . _ _  ... The following d i scuss ion  w i l l  f i rs t  be concerned wi th  t h e  case of 

static s t r u c t u r a l  behavior. A necessary conditfon f o r  s t a t i c  equi l ibr ium is  

that t h e  t o t a l  p o t e n t i a l  energy be  s t a t i o n a r y .  Ziis condi t ion  r e q u i r e s  the  

vanish ing  of t h e  f i r s t  v a r i a t i o n  of TI and l eads  t o  t h e  equation 

L (x) = f (7 99) 

where the  opera tor  L (  ) i s  def ined  by 

L (x) = Gr'ad TI (7.10) 

Consequently, L (  ) is a " s t i f f n e s s "  ope ra to r  which relates displacement com- 

ponents ewi e x t e r n a l  f o r c e s  and is nonl inear  i n  the genera l  case. 
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7.2 Linear Equation Systems 
.... 

. . . . . . . . . .. .. . 
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When only  l i n e a r  terms arz included i n t h e d e f i n i t i o n  of t h e  strains 
and changes i n  curva ture ,  L(  ) is  a l i n e a r  opera tor  which may be r e a d i l y  rep- 

resented  i n  matrix form. The elements of t h i s  matrix,  A, are derived from 

t h e  quadra t i c  t e r m s  i n  c h e s t r a i n  energy, 

f o r c e s  (and therm31 e f f e c t s )  c o n t r i b u t e  a rignt-hand s i d e  to t h e  equatior, sys- 

t e m .  

many d i r e c t  o r  i terative methods. 

while the work done by t h e  external 

The matrix is p o s i t i v e  d e f i n i t e  and Eq. (7.9) may be solved by one of 

I n  one-dircensional cases, beams 2nd s h e l l s  of revolu t ion ,  t h e  coef- 

f i c i e n t  ma t r ix  i s  narrowly banded, and t h e  coinputer t i m e  involved i n  s o l u t i o n  

of a l i n e a r  system is  aimost n e g l i g i b l e .  For two- or  three-dimensional ca ses  

t h e  maximum bandwidth i s  much l a r g e r ,  but t he  mat r ix  is  spsrse, i .e.,  most of 

t h e  elements i n s i d e  t h e  band are zero. The e f f i c i e n c y  of t h e  s o l u t i o n  proced- 

u r e  depends l a r g e l y  on e f f e c t i v e  u t i l i z a t i o n  of t h e  knowledge of t h e  l o c a t i o n  

of zero elements i n  the matrix.  

The sky l ine  method is  based on the  decomposition of t h e  ma t r ix  i n  

two f a c t o r s ,  one of which, t h e  upper t r i a n g u l a r  matrix U has  a l l  i t s  nonzero 

entries above t h e  d iagonal  zz=d i he  o the r ,  t h e  lower t r i a n g u l a r  mat r ix  L has  

a l l  i t s  nonzero e n t r k s  below t h e  diagonal.  Civen the  l t n e a r  equation system 

(7.11) A x  = y 

t h e  t r i a n g u l a r  mitrices U and L are determined so t h a t  

A = L U  (7.12) 

The3 t h e  o r i g i n a l  system (Eq. 7.11) can b e  decoaposed i n  t w c  equat ion  systems 

t o  be solved s e q u e n t i a l l y  

L b  = y 
* U X  = b (7.13) 
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If t he  o r i g i n a l  matrix lX is  symmetric - and p o s i t i v e  d e f i n i t e ,  then t h e r e  e x i s t s  

a unique decomposition i n  c r i angu la r  matrices wi th  only p o s i t i v e  real numbers 

on t h e  d iagonal  such t h a t  (see Ref. 7.2) 

u = LT (7.14) 

The matrix decomposition i s  r c f e r r e d  t o  as -- f a c t o r i n g  of the  matrix.  

The determinant of t h e  matrix A is  equal  t o  t h e  product of a l l  t h e  elements 

on t h e  d iagonal  of t h e  f ac to red  mztrix U. 

Equation systems wi th  a r e l a t i v e l y  s m a l l  bandwidth are p a r t i c u l a r l y  

w e l l  su i t ed  f o r  s o l u t i o n  through decomposition o r  f ac td r ing .  The reason f o r  

t h i s  i s  t h a t  t h e  t r i a n g u l a r  matrices have the same "skyline" as the  o r i g i n a l  

mat r ix  A, t h a t  is ,  i n  each row t h e  upper matr ix  U w i l l  have no nonzero e n t r i e s  

beyond t h e  last nonzero e n t r y  i n  A. 

is requi red  f o r  t h e  "tail" of each row and no ope ra t ions  need t o  be c a r r i e d  ou t  

f o r  corresponding matrix elements dur ing  f a c t o r i n g  and forward - and backward 

sweep ( so lu t ion  of Eqs. 7.13) Procedures are a v a i l a b l e  fc-: automatic re- 

numbering of t h e  unknowns s o  t h a t  t he  sky l ine  may be kept as low as poss ib le .  

Consequently, no computer s to rage  space 

T;ie s t r a i n  energy i n  t h e  l i n e a r  case can be w r i t t e n  as a quadra t i c  

form 

(7.15) 

The ippearance of negz t ive  va lues  on ti?e d iagonal  i n  t h e  f ac to red  matrix 

would i n l i c a t e  t h a t  t h e  quadra t ic  forq is not p o s i t i v e  Cefzz i te .  

s t r a i n  energy must be y s i t i v e  d e f i n i t e  t h e  occurrence of scch negat ive  r o o t s  

i n  chi! l i n e a r  a n a l y s i s  can Gniy b e  due t o  an e r r o r  i n  :he model o r  t o  some 

numerical problem. 

zero  v3lues of d iagonal  elements i n  U. 

t hese  va lues  w i l l  noL be exac t ly  zero  and they may come o u t  as s m a l l  nega t ive  

nurutzrs;. 

of t h e  same order  of s i z e  as normal round-off e r r o r s ,  i t  may be assumed t h a t  

Since t h e  

LL:eo,r dependence among t h e  e q u a t i o m  would r e s u l t  i n  

Dile t o  round-off e r r o r s ,  however, 

Therefore,  i f  an  element on iLe Zi+onal, p o s i t l v e  or  nega t ive  i s  

. . . . . . . . . 
1 . . . . . . 

7-6 



the system is s ingu la r .  This 

boundary cond i t ions  have been 

o t h e r  c o n s t r a i n t s  allow r i g i d  

p r a c t i c a l  purposes) occurs  011 

6:: :".. ... . . . 
1.. . . . . 

... 

can occur,  f o r  example, i f  l i i l e a r l y  dependent 

s p e c i f i e d  o r  whenever boundary condi t ions  a2.d 

body displacements. When a zero  ( f e r  a l l  

t he  d iagonal  during f a c t o r i n g  wi th  STAGS, 

corresponding freedom is  e l imina ted ,  and a message t o  t h a t  e f f e c t  is in- 

cluded i n  the  output.  

I f  r e l a t i v e l y  l a r g e  nega t ive  numbers appear on the  d i a g o n d ,  i s  
is l i k e i y  t h a t  t h e  system is  i l l - cond i t ioned  (bar r ing  input  e r r o r s ) .  

is, t h e  roundoff e r r o r s  are l a r g e  enough t o  make t h e  r e s u l t s  meaningless. 

In  t h a t  case, computations w i t h  STAGS are discontinued, and a n  e r r o r  message 

is p r in t ed .  I l l - cond i t ion ing  does no t  necessa r i ly  l ead  t o  nega t ive  r o o t s .  

Consequently, i t  is  poss ib l e  t h a t  a condi t ion ing  problem remains uncovered 

u n t i l  " e q u i l i b r i m  forces" are p r in t ed .  

s o l u t i o n  probably i n d i c a t e s  i i l - cond i t ion ing .  I f  t h e  i l l - c o n d i t i o n h g  is  

severe, a change i n  modeling seems advisable .  I n  less severe  cases accept- 

able s o l u t i o n s  may be obtained by use  of a l i n e a r  refinement of t h e  sc,lution. 

The STAGS u s e r  can ob ta in  such a refinement of t h e  s o l u t i o n  by reques t ing  a 

nonl inear  s o l u t i o n  wi th  t h e  nonl inear  t e r m s  suppressed. I f  t h e  f i r s t  l i n e a r  

s o l u t i o n  i s  mt too  f a r  off from t h e  t r u e  so lu t ion ,  Convergence w i l l  r a p i d l y  

be obtained acd t h e  f i n a l  s o l u t i o n  w i l l  be accurate.  

T 5  

Lackof equilibrium i n  t h e  f i n a l  

If c o n s t r a i n t s  are introduced by way of Lagrangian m u l t i p l i e r s  ( s ee  

Sec t ion  8) the  p o s i t i v e  d e f i n i t e n e s s  of t h e  quadra t ic  form i s  l o s t .  The 

fac tored  ma t r ix  w i l l  have one nega t ive  r o o t  f o r  each of t he  c o n s t r a i n t s  i n  

a l i n e a r l y  dependent set. I f  t h e  number of  nega t ive  r o o t s  i s  1sss tbaii t h e  

number of c o n s t r a i n t s  imposed by use  of Lagrangian m u l t i p l i e r s ,  t h e  s ~ 3 t  cf . 
c o n s t r a i n t s  is probably not l i x r r l y  ibdependent. 

The a l t e r n a t i v e s  t o  t h e  sky l ine  method are i terat lve methods and 

o t h e r  d i r e c t  sparse mat r ix  methods snch as mat r ix  p a r t i t i o n i n g ,  wave f r o n t  

t ype  methods and t n e  conjugate g rad ien t  me,thod. 

are connected i n  an unfavorable m y  such methods may prove t o  be supe r io r  t o  

the s k y l i n e  xethod. 

probably should inc lude  o p t i o n a l  s o l t l ~ k n  methods. 

I f  branches of the s t r u c t u r e  

AI? o f f i c i e n t  computer program f o r  s t r u c t u r a l  a n a l g s i s  
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The present  ve r s ion  of STAGS inc ludes  the  skyl ine  method only. 

A s t u d y  of o the r  p o s s i b i l i t i e s  is p resen t ly  underway. 
t i .  : 

7.3 - Nonlinear Equation Systems 

When geometric n o n l i n e a r i t i e s  are included, L (  ) becomes a poly- 

nomial opera tor  of t h i r d  degree and i t e r a t l v e  methods must be emplcyet! fo r  

s o l u t i o n  of t he  equations.  Spec ia l  problems with mzterial n o n l i n e a r i t i e s  

will- be discussed separa te ly .  For a genera i  co l l apse  ana lys i s ,  i t  is nec- 

e s s a r y  t o  s o l v e  thz  opera tor  equat ions,  Eq. ( 7 . 4 )  f o r  a sequence of values  

of the appl ied  loads.  I n  f a c t ,  the only p r a c t i c a l  method o f t en  is  t o  solve 

t h e  equations a t  a number of load s t e p s  chosen s o  t h a t  t he  i n i t i a l  so lu t ion  

is near ly  linear and subsequent so lu t ions  change only moderately from one 

s t e p  t o  the  next.  Such a procedure (sometimes r e f e r r e d  t o  as the continua- 

t i o n  method) is  mandatory f o r  two reasons: f i r s t ,  the  f e a s i b i l i t y  of t he  

i t e r a t i v e  methods of s o l u t i o n  depends on reasonably good i n i t i a l  approxima- 

a t i o n s  and second, a r e l i a b l e  de t ec t ion  of co l l apse  r equ i r e s  such a stepwise 

procedure because of poss ib l e  non-uniqueness of s o l u t i o n s  t o  nonl inear  equa- 

t i o n  systems. For s o l u t i o n  of the  nonl inear  a lgeb ra i c  equat ion systems t h a t  

are t y p i c a l  f o r  s t r u c t u r a l  a n a l y s i s  a l a r g e  number of a lgori thms are ava i l -  

a b l e ,  ususa l ly  designed t o  determine a sequence of equi l l5 i ium configura- 

t i o n s  under increas ing  load. It may be he lp fu l  2s  c l a s s i f y  the  methods t; 

is done i n  Ref. 7 . 3  i n  t h e  four  groups: 

Newton-liiie Icethod s 

Method of success ive  s u b s t i t u t i o n s  

I n i t  ia l -value methods 

M-injmczi  search  procedures 

The regular  Newton method is  i l l u s t r a t e d  here  i n  t h e  case  with only one un- 

known x. 
Ecrmula 

The s o i u t i o n  of t h e  problem F(x) = 0 is  defined hy the  recurs ion  

- - x - (x,) / F’ (x,> 
n+l n X (7.16) 
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A geometric i n t e r p r e t a t i o n  of t h e  r egu la r  Newton method is  shown i n  Figure 

7 .1~ .  
modified Newton method has  been found use fu l  in many cases. 

def ined  by t h e  equat ion  

A v a r i a t i o n  of  t h e  r egu la r  Newton method, u sua l ly  r e f e r r e d  t o  as t h e  

The method is  

A geometric i n t e r p r e t a t i o n  of t h e  modified Newton is  given i n  F igure  9.lb.  

The bas i c  d i f f e r e n c e  between the  twc methods i s  t h a t  i n  the  r egu la r  Nexton 

inethod t h e  d e r i v a t i v e  i n  t h e  denominator i s  always based on the  c u r r e n t  

s c l u t i o n  whi le  i n  t h e  modified method t h e  d e r i v a t i v e  a t  the i n i t i a l  estimate 

is used i n  a l l  i t e r a t i o n s .  

t h e  d e r i v a t i v e  a f t e r  x 

SLth t h e  modified method i t  is  p c s s i b l e  t o  update 

has been s h i f t e d  t o  a later estimate (x = xn). 
0 0 

Both the r e g u l a r  Newton and t h e  modified Newton are r e a d i l y  gen- 

e r a l i z e d  t o  n-dimensional space. 

of l/F’(x) corresponds t o  the  f a r t o r i n g  of a matrix of n-th order.  

l a r g e  systems t h e  modified Newton method becomes more e f f i c i e n t  s ince  r e f a c t -  

o r i n g  i s  expensive. 

ma t r ix  is  o f t e n  maintained (unchanged) f o r  a series of load s t e p s .  One prob- 

l e m  wi th  t h e  modified Newton method i:: i l l u s t r a t e d  f o r  the  case with one un- 

known i n  F igure  7.2b. 

where t h e  curve has a lesser s lope  than i t  has  a t  the t r u e  s o l u t i o n ,  t h e  

i terates o s c i l l a t e  and a ve ry  c l o s e  e s t ima te  ( s m a l l  load s t e p )  i s  requi red  

Tor convergence. 

f e r a b l e  even f o r  r a t h e r  lftrge systems. 

I n  t h e  n-dimensional ca se  t h e  computation 

For ve ry  

I n  t h e  modified Newton method t h e  “obsolete” f ac to red  

I f  t h e  estimates a t  a new load s t q  f a l l s  a t  p o i n t s  

I n  such casea t h e  r e g u l a r  Newton (Figure 7.2a) may be pre- 

I n  t h e  method of successis.e --- s u b s t i t u t i o n s  -_ -  t h e  nonl inear  terms are - 
considered as pseudo-laads added t o  t h e  right-hand side of t h e  equation sys- 

tem. They are determined by use  of the va lues  o f  t h e  u~knowns i n  ;; p r w i o u s  

i t e r a t i o n .  It may be not iced  t h a t  mathematically t h i s  method is equiva len t  

t o  a modified Newton method i n  which updafing and r e f a c t o r i 2 g  of the  t o e i f i -  

c i e n t  matrix are not  permitted a t  an;. load  s tep .  
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Fig. 7 2 Oscillating Convergence With the Newton Methods - _  
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The i n i t i a l - v a l u e  type methods inc lude  t h e  incremental  method 

(sometimes referred t o  as t h e  tangent s t i f f n e s s  method). 

t a n g e n t i a l  s t i f f n e s s  i s  computed a t  t h e  beginning of each load s t ep .  

each load  s t e p  the displacements grow l i n e a r l y  as d i c t a t e d  by t h i s  s t i f f n e s s .  

The method allows d r i f t :  from t h e  c o r r e c t  so lu t ion .  Consequently, t he  load 

s t e p  must be very  small and s i n c e  r e f a c t o r i n g  i s  requi red  on each s t e p  t h e  

method is  not  economical. 

I n  t h i s  method t h e  
rJ 

Within - ‘”’5 9 ,  

i 

I n  a “se l f -cor rec  king” ve r s ion  of t.he incremental method, t he  un- 

balance i n  the nonl inear  equat ions  i s  evaluated and added t o  the  load vecL.o: 

corresponding t o  t h e  fo l lowing  load s tep .  

i n c r e n e n t a l  method i n  i d e n t i c a l  t o  a r e g u l a r  Newton method i n  which only olie 

i t e r a t i o n  is made a t  each load  s t ep .  Hence, i f  a r e l a t i v e l y  coarse  converg- 

ence c r i t e r i o n  i s  used, t h e  Newton method w i l l  work as a se l f - co r rec t ing  in- 

c r s n e n t a l  method, except t h a t  sn extra i t e r i i t i o n  may be  i n s e r t e d  i f  t he  solu- 

t i o n  tends t o  d r i f t  too much. U s e  of t h e  s e l f  co r rec t ion  method ins t ead  of 

the r e g u l a r  Newton method i n  a computer program f o r  nonl inear  a n a l y s i s  de- 

p r i v e s  t h e  use r  of automatic c o r r e c t i v e  a c t i n n  when t h e  s o l u t i o n  i s  d r i f t i n g  

too  far. A f e a s i b l e  v a r i a t i o n  i s  t o  compute the  norm of t h e  f i r s t  v a r i a t i o n  

on each s t e p  and t o  i n s e r t  a zero  load  s t e p  whenever t h i s  norm (unbalance) 

fs too l a rge .  However, t;iis would e s s e n t i a l l y  be i d e n t i c a l  t o  the  use of t h e  

r e g u l a r  Newron method. 

The s e l f - co r rec t ing  vers ion  of t he  

c lb r n c ; i n l ’ $ I C C I  

Another i n i t i a l - v a l u e  type method is  usua l ly  r e f e r r e d  t o  as dynamic 

r e l a x a t i o n .  When t h i s  method i s  used, t h e  equatiuns cf motion are solved 

r a t h e r  than the  s t a t i c  equi l ibr ium equations.  Damping i s  introduced so t h a t  

t h e  s t z . t i c  equi l ibr ium conf igura t ion  i s  asymptot ica l ly  approached. 

is c e r t a i n l y  not  competlt ive wi th  t h e  modified Kewton method f o r  systems with 

only  moderate nonl inegr i ty .  For imperfection s e n s i t i v e  s t r u c t u r e s  the  dynamic 

r e l a x a t i o n  method r,ay be the  m w t  p r a c t i c a l  way t o  find equi l ibr ium configura- 

t i o n s  i n  t h e  postbuckling range. 

The method 

M i n i m u m  search  --_-_ methocis - are app:ied d i r e c t l y  t o  a n  energy expression 

They have seen l i t t l e  use r a t h e r  than t o  equations of ecp i l ib r ium o r  motion. 

i n  s t r u c t u r a l  a n a l y s i s  and l i t t l e  can be s a i d  abzz t  t h e i r  r e l a t i v e  merits. 
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It appears  t h a t  based on t h e  present  s ta te  of t he  a r t ,  i t  i s  advis- 

a51e t o  inc lude  i n  a computer program f o r  nonl inear  a n a l y s i s  t h e  opt ion  of 

using: 

The r e g u l a r  Newton method, o r  

The modified Newton method. 

Dynamic r e l a x a t i o n  may a t  t i m e s  be a competit ive method. 

it is  not f u l l y  developed sir?ce good procedures f o r  automatic determination 

of s u i t a b l e  va lues  f o r  the elements of t h e  f i c t i t i o u s  m a s s  and clamping m a t -  

r i c e s  are no t  p re sen t ly  ava i l ab le .  

However, 

The ex tens ion  of t h e  Eewton methods t o  mul t ip l e  degree of freedom 

systems is  f a c i l i t a t e d  by in t roduc t ion  of t h e  concept of t h e  d e r i v a t i v e  L-’( ) 

of L(  ) (Ref. 7.4). Af t e r  s u b s t i t u t i o n  of t he  c u r r e n t  s o l u t i o n  i-ector 

t h e  d e r i v a t i v e  L’( ), sometimes c a l l e d  t h e  Frechet d e r i v a t i v e  of L( ), 

becomes a n  n by n mat r ix  whose elements are 

(7.18) 

Most of the elementary p r o p e r t i e s  of ord inary  d e r i v a t i v e s  a l s o  hold f o r  Sir 

Frechet der2vat ives  L’( ) of an  opera tor  L (  1. 

The elements of L’ are func t ions  of a p a r t i c u l a r  displacement ~ ~ c t o r  

The Freche t  d e r i v a t i v e  w i l l  usua1l.j be denoted L’ t o  i nd ieace  t h i s  depend- x. 
eiice. With t h e  u s e  of t h e  d e r i v a t i v e  L’( ) of t h e  opera tor  I.( ) Nzwton’s meth- 

od may be r e a d i l y  genera l ized  t o  ob ta in  a s o l u t l o n  of Eq. (7.9). The i-teratioir 

is defined by (compare Eqs. 

X 

7.4 and 7.11). 

-1 
(xk+l - xkj = (L; 1 f - L 

k Xk (7.19) 

. 

If t h e  i n i t i a l  estimate x 
is not  a s i n g u l a r  matrix, thc i t e r a t i o n  converges t o  x. Under these  zssump- 

t i o n s ,  it s l s o  call be shorn t h a t  t h e  converged s o l u t i o n  is unique f n  some 

nei.ghlorhoob of x 7-41. 

i s  s u f f i c i e n t l y  c l o s e  t o  a s o l u t i o n  x acd i f  L’ 0 X 
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S imi l a r ly ,  w i th  t h e  a i d  of t h e  d e r i v a t i v e  L' t he  modified Newton 
X' 

method may be  appl ied  to  the  opera tor  Equation (7.9). 

the i t e r a t i o n  then becomes 

The gene ra l  form of 
c: .. '..: . .. .. .. . ..... 

. .. .  

(7.20) 

The modified Newton. method provides accu ra t e  s o l u t i o n s  whenever it converges 

indzpendently on t h e  s i z e  of t he  load s t e p  (numerical e r r o r s  do no t  accumu- 

late) and a t  t h e  same t i m e  avoids t h e  n e c e s s i t y  of f requent  recomputation and 

f a c t o r i z a t i o n  of t h e  d e r i v a t i v e  matrix L'. The e f f e c t i v e  use  of t h e  modified 

Newton method r e q u i r e s  i n t e l l i g e n t  choices  of t h e  s i z e  of load s t e p s  and the 

c r i t e r i o n  t h a t  de t e rn ines  when t h e  d e r i v a t i v e  L' should be recomputed and 

f ac to red .  The STAGS program con ta ins  some b u i l t - i n  decison making c a p a b i l i t y  

regard ing  these  questions.  However, i t  i s  s t i l l  necessary f o r  t h e  user  of 

the program t o  consider the b e s t  o v e r a l l  "strategy" r e l a t i n g  t o  these  choices.  

Methods f o r  automatic choice of s t e p  s i z e  and s t r a t e g y  have been suggested i n  

t h e  l i teratcre  (Ref. 7.5, f o r  example) bu t  have ye t  t o  be evaluated i n  prac- 

t i ca l  ana lys i ?  w i th  r e spec t  t o  t h e i r  r e l i a b i l i t y .  

The s o l u t i o n  piocedures commonly used f o r  problems inc luding  mater- 

i a l  n o n l i n e a r i t y  are discussed i n  Sec t ion  5. The pseudo fzcLe method cor res -  

ponds t o  t h e  method of success ive  

sence of geometric n o n l i n e a r i t i e s  u se  of t h i s  method may a t  some load I P T T ~ ~  

l ead  t o  divergence independently of t h e  s i z e  of t h e  load ste?. 

t h a t  i f  on ly  materiai n o n l i n e a r i t i e s  are include; t he  method will not  d ive rge  

b u t  convergence may be very  slow. It is f e a s i b l e  ?+en material as w e l l  as 

geometric n o n l i n e a r i t i e s  are present  t o  t reat  t h e  m t e l r i a l  n o n l i i i e a r i t i c s  as  

pseudo f o r c e s  2nd s t i l l  use one of thk Newton methods t o  so lve  t h e  nonl inear  

a l g e h r a i c  equatioils. However, i f  t h e  geometric n o n l i n e a r i t i e s  make i t  nec- 

e s s a r y  t o  update and r e f a c t o r  t h e  matrix,  i t  s e e m s  p r a c t i c a l  t o  inc lude  non- 

l i n e a r  material e f f e c t s  i n  t h e  update. 

s u b s t i t u t i o n s  2iscussed above. I n  t h e  pre- 

It appears 

The STAGS use r  is allowed t o  use  e l t h e r  of t k  two Newton methods 

fo r  s o l u t i o n  of the  a l g e b r a i c  equations.  

e i t h e r  be t r e a t e d  

The materj.21 n o n l i c e s r i t i e s  can 

Fseudo-forces o r ,  a t  t he  u s c r ' s  choice,  t h e  e f f e c t s  of 

i 
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p l a s t i c i t y  can  be included i n  any update of t he  t a n g e n t i a l  s t i f f n e s s  matrix 

i n  Eq. 7.18). The reason f o r  i nc lus ion  of t he  pseudo f o r c e  method f o r  ... (Li, j 
I p l a s t i c i t y  is t h a t  numerical problems may be encmntered  with simultaneous 

i t e r a t i o n  on geometric and materisl n o n l i n e a r i t i e s .  It is recommended i n  

Ref. 7.5 t h a t  t h e  geometric n o n l i n e a r i t i e s  are t r e a t e d  i n  a s e p a r a t e  inne r  

loop. However, f o r  two-dimensional problems t h i s  does not appear p r a c t i c a l  

as it would r e s u l t  i n  a l a r g e  number of r e f a c t o r i n g s  a t  each load s t e p .  

A dynamic r e l a x a t i c n  c a p a b i l i t y  is  wi th in  t h e  scope of STAGS, b u t  

methods f o r  automatic deternzination of mass and damping matrices are not in- 

cluded: 

included because of t he  path-dependence of p l a s t i c  s t r a i n .  For c e r t a i n  cases 

of post-buckling behavior i t  may be t h e  only v i a b l e  way t o  ob ta in  a s o l u t i c n .  

The method i s  probably unsu i t ab le  when mterial n o n l i n e a r i t i e s  are 

7.4 Eigenvalue Analysis 

I n  b i f u r c a t i o n  buckling and v i b r a t i o n  a n a l y s i s  t h e  a s s m p t i o n  is 

made t l i a t  t h e  incremental  displacements,  corresponding t o  t h e  buckling o r  

v i b r a t i o n  modes, are of i n f i n i t e s i m a l  amplitude. Thus, higher order  terms 

i n  t h e  incremental  displacementsmaybe discarded and t h e  equi l ibr ium equations 

o r  t h e  equat ions  of motion are homogeneous. That is, a l l  t h e  t e r m s  i n  t h e  equa- 

t i o n s  are of t he  same o rde r  i n  the  unknowns. Obviously, sn rh  a systzm has  

the t r i v i a l  s o l u t i o n  

- . _I..._ 

I f  t h e  c o e f f i c i e n t  determinant equals  zero  t h e  syrt-rin a l s o  has n o n t r i v i a l  

s o l a i i o n s .  

tben c l e a r l y  a l l  vec to r s  ax s a t i s f y  the  system. 

eous equat ion  system determines t h e  s i z e  of t h e  unknowns r e l a t i v e  t o  nne 

aristher bu t  no t  t h e i r  abso lu t e  s i ze .  Consequently, a buckling o r  v i b r a t i o n  

a n a l y s i s  y i e l d s  a deformation mode only. 

a n a l y s i s  is v a l i d  only f o r  sn-all displarements.  

Whenever a v e c t o r  x of unkriowns s a c i s f i e s  t h e  equat ion  system, 

The soii tcion of a hozmgen- 

Due t o  t h e  o r i g i n a l  assumption t k  

The c o e f f i c i e n t s  of t h e  homogeneous system may be func t ions  of 

some parameter t h a t  can be choseii so  t h a t  the  determinant becomes zero. In 
1. 
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a buckling a n a l y s i s  t h i s  eigenvalue parameter is represented  by t h e  va lue  of 

t h e  app l i ed  load ,  a load  f a c t o r ,  and i n  a f r e e  v i b r a t i o n  a n a l y s i s  by a n a t u r a l  ,. . .. 

. .. frequency. 
t-?::-: 

The mathematical c h a r a c t e r i z a t i o n  of b i f u r c a t i o n  buckling i s  d i s -  

cussed i n  Section 5.  

s u b s t i t u t i o n  o f  a displacement f i e l d  x = x + x where x r ep resen t s  an equil-  

ibrium conf igwa t io r i  on the  prirrary pa th  and t h e  i n f i n i t e s i m a l  x t h e  buckling 

mode. 

Le t  x be a solutrion or' Eq. (7.9) under a given v e c t o r  of e x t e r n a l  fo rces .  

I f  a neighborhood, no ma t t e r  how small, of x 
s a t i s f i e s  t h e  equation 

The homogeneous equation system is  obtained through 

0 1  0 

1 
The formufatior, is a l so  provided by the  generalized Newton nethod. 

0 
con ta ins  another vec to r  y b7hic'n 

0 

L (y) = f (7.22) 

then b i f u r c a t i o n  is  s a i d  t o  t ake  p l ace  under the  load f .  

necessary condi t ion  f o r  b i f u r c a t i o n  i s  t h a t  L i  

t h a t  

It follows t h a t  a 

be a s ingu la r  matrix, i .e.,  
0 

. .. ...... d e t  ( L i  ) = 0 
0 

(7.23) 

Classical b i f u r c z t i o n  buckling theory ma;- 5e obtained e a s i l y  from Eq. 

It is  assumed t h a t  x may be w r i t t e n  

(7.23') 

0 

L x = A x  
0 

(7 2 4 )  

where x is  t h e  l i n e a r  sol-ution corresponding t o  a load vec to r  f Thus,  Eq. 

(7.23) becomes 
L L' 

1 
det = 

Equation (7.25) is  a a i g e b r a i c  eigenvalue p r o b l m  of the form 

d e t ( A - A B - A  2 C) = 0 

(7.25) 

(7.26) 

I:. .II.. . . . . . . . . 
i.. . . . . . . ...... 
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I n  classical b i f u r c a t i o n  buckling a n a l y s i s ,  t he  C matrix, which arises from 

the prebuckl iag r o t a t i o n s ,  is  usua l ly  omitted and the  eigenvalue problem 

A = A B  
X X 

is obtained. 

(7.27) 

When b i f u r c a t i o n  t akes  p l ace  on a nonl inear  primary pa th  the sub- 

The most s t ra ight forward  way t o  s o l v e  the s t i t u t i o n  x 

problem i n  t h a t  case would be t o  compute the  determinant (Eq. 7.25) f o r  

i nc reas ing  va lues  of t h e  load f a c t o r  u n t i l  a zero c ross ing  is  found. 

a l so  poss ib l e  t o  apply the  eigenvalue approach a t  some poirrt along t h e  prim- 

a r y  path. 

t o  the  t a z g e n t i a l  s t i f f n e s s  m a t r i x  e v a h a t e d  a t  t h a t  gv iu t .  

g e n t i a l  s t i f f n e s s  v a r i e s  with the  applfed load,  a r igorous  estimate 

of the  b i f u r c a t i o n  load i s  only obtained i f  the  eigenvaliie i s  exac t ly  zero. 

Cmsequent ly ,  a procedure based on eignevalue e x t r a c t i o n  must inc lude  the 
computation of a series c f  eigenvalues so arranged t h a t  the  computed va lues  

converge t o  zero-. 

stress s ta te  is f u r f h e r  discussed i n  Sect ion 5. The formation of t h e  A and 

B matrices of Eq. (7.26) w i l l  be coilsidered b r i e f l y .  The elements of t he  

Frechet  Zerivative matrix I,' (which d e f i n e  the  matrices A and B) are de ter -  Ax 
mined according t o  Eq. (7 .38 ,  

nomials 872 e a s i l y  programed,  and t h e  formation of t h e  A and B matrices 

the re fo re  is w e l l  s u i t e d - t o  automatic t reatment  on the computer. Thus, f o r  

e x a p l e ,  i f  x and x, are the  i t h  and j t h  displacement components, \he f o l -  

1 m J k g  is  obtained : 

= A? is n o t  va l id .  
0 

It is 

I n  t h a t  ca se  the  primary pa th  i s  l inea r i zed  so t h a t  i t  corresponds 

Since the  tan- 

The u s e  of b i f u r c a t i o n  buckling a n a l y s i s  with a nonl inear  

The r u l e s  f o r  computing d e r i v a t i v e s  of poly- 
, *  

i S 

7.28 

....... 

The k t h  t e r m  of the sum is (compare E y s .  (7.1) and (7.2)) 
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(7.29) 

In  t h e  f i r s t  t e r m  on t h e  right-hand s i d e  of Eq. (7.29), no te  t h a t  sk i s  t h e  
L 

l i n e a r  stress r e s u l t a n t  v e c t o r  a t  i n t e g r a t i o n  ?o in t  k and t h a t  only the  quad- 

ratic terms i n  t h e  s t r a i n  vec to r  need be considered i n  forming the  p a r t i a l .  

d e r i v a t i v e s  

Cont r ibu t ions  from t h i s  tern! go i n t o  t h e  B matrix. 

l i n g  r o t a t i o n s  may be neglected f o r  t he  c l a s s i c a l  theory,  t h e  l as t  t e r m  of 

Eq. The A matr ix  then 

is i d e n t i c a l  t o  t h e  l i n e a r  s t i f f n e s s  nztrix. 

Assuming t h e  prebuck- 

(7.29) genera tes  con t r ibu t ions  t o  t h e  A matrix only. 

Analysls of Eatural  o r  free v i b r a t i o n s  of a s t r u c t u r e  i s  based 

on t h e  equat ions  of motion. It is assumed t h a t  any damping can be omitted 

and t h a t  t h e  f o r c e  v e c t o r  is  independent of t i m e .  A s o l u t i o n  i s  obtained 

through s u b s t i t u t i o n  

i n t o  t h e  equat lon  of 

of 

x + 6x s i n  (u t )  1 x =  
0 

mot ion 

M2 4- L (x) = f 

(7.30) 

(7.31) 

where M i s  t h e  m a s s  mzt r ix ,  f t he  f o r c e  vec tor  and L (  ) t he  gene ra l ly  non- 

l i n e a r  s t i f f n e s s  opera tor .  The displacement f i e l d  x r e p r e s e n t s  a s ta t ic  

equi l ibr ium conf igu ra t ion  and the  v ibrsLicn  amplitude 6 is  assumed to  be 

in f in i t e s$mal .  The v l b r a t i o n  mode is reFresented by x gene ra l ly  normal- 1 
ized  s o  t h a t  i ts l a r g e s t  components eqtlal 1.0. 

0 

. Afte r  s u b s t i t u t i o n  o i  (7.31) i n  (7.30) t he  cond i t ions  f o r  s t a t i c  

equi l ibr ium are subt rac ted  o u t  (e l imina t ing  t h e  f o r c e  v e c t o r ) ,  terms of 
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higher  than f i r s t  o rde r  i n 6  can be discarded. 

then  obtained i n  t h e  form 

An eigenvalue problem is 

r ‘ .  .. . 

o ? M ; ; + L ; x  = 0 ( 7 . 3 2 )  

The frequency w is  t h e  eigenvalue parameter. 

dependent on t h e  vec to r  x . 
appl ied  t o  t h e  s t r u c t u r e .  However, i t  makes no d i f f e r e n c e  i f  t h e  b a s i c  

stress state has  been computed from a l i n e a r  o r  a nonl inear  a n a l y s i s  and 

i n c l u s i o n  of t h e  e f f e c t s  of prebuckling r o t a t i o n s  does n o t  l ead  t o  any 

complications. 

r ep rescn ta t lon .  

t e m  and sometimes i f  t h e  element s t i f f n e s s  converges from above with gr id-  

s i z e  i t  m y  be found t h p t  convergence t o  engineering accuracy i s  be tce r  wi th  

t h e  lumped matrix.  For any element conf igura t ion  wi th  convergence from be- 

low (nonconforming) i t  i s  probably b e s t  t o  use t h e  c o n s i s t e n t  mass matrix. 

The c o e f f i c i e q t s  i n  L’ are 

Therefore, t h e  frequency depends on the  load 
0 

Use of t h e  co i i s i s t en t  m a s s  matrix g ives  a more accu ra t e  

However, use  of a lumped matrix r e s u l t s  I n  a weaker sys- 

B i fu rca t ion  b x k l i n g  as  w e l l  a s  v i b r a t i o n  a n a l y s i s  then l e a d s  t o  

a genera l ized  eigenvalue problem of t h e  form 
...... 

Ax = XBx ( 7 . 3 3 )  

where A r ep resen t s  a s t i f f n e s s  matrix, poss ib ly  a t a n g e n t i a l  s t i f f n e s s  matrix 

contz ln ing  nonl inear  t e r m s  from the  b a s i c  stress state. The A matriw i .s 

symmetr icandpos i t ive  d e f i n i c e  (Gr a t  least non-negative c ie f in i te ) .  The B 

mat r ix  is always symmetric and, i n  t h e  case of vibratj-Gn preWems, a l s o  non- 

nega t ive  d e f i n i t e .  HGwever, f o r  b i f u r c a t i o n  buckling t h e  B-mtr lx ,  t h e  

geometric s t i f f n e s s  metrix,may have negat ive  eigenvalues.  The p r o p e r t i e s  nf 

A and E ensure t h a t  Eq.  ( 7 . 3 3 )  has only real  eigenvalues.  

It may be. noticed he re  t h a t  t h e  s u b s t i t u t i o n  ind ica t ed  by Bq. ( 7 . 3 0 )  

equ iva lez t iy  could h w e  been w r i t t e n  

u t  x =  x + 6 x 1 e  
0 

( 7 . 3 4 )  

~ .. . .  Tn t h a t  case all. :he eigenvalues are pure ly  imaginary. 
V.”‘.’ 
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The eigenvalues of the  system are t h e  r o o t s  of a r o n l i n e a r  alge- 

b r a i c  equat ion  i n  A .  

order  and t h e r e  are n eigenvalues (provided t h e r e  i s  no l in .ear  dependence 

among t h e  ecpa t ions) .  The matrix is then r e f e r r e d  t o  as being of rank  R.  

To each eigenvalue X corresponds one eigenveztor,  x (with undetermined i i 
amplitude) s a t i s f y i n g  t h e  homogeneous equation system. 

If A i s  a n  n x n mat r ix ,  t h i s  equation is of t h e  n th  

It is  no t  necessary and genera l ly  not  p r a c t i c a l  i n  a n a l y s i s  of 

l a r g e  systems t o  compute t h e  eigenvalues d i r e c t l y .  

x 
Whenever a n  eigenvactor 

of t h e  m a t r i x  A is  known, t h e  corresporiding eigenvalue can be computed as i 

- (xi)T A x i 

(xJT xi 
xi - 

1 

(7.35) 

r 
Whether xi i s  a n  eigenvector o r  n o t , t h e  expression on t h e  right-hand s i d e  

of Eq. (7.35) is  r e f e r r e d  t o  as t h e  Kayleigh Quotient. 

The Power method is  a ve ry  simple, and, i n  case only a few eigen- 

va lues  are needed, ve ry  e f f i c i e n t  method i n  which t h e  eigenvectors are com- 

puted f i r s t ,  Applying t h i s  method t o  t h e  eigenvalue problem 

..... 

( A - A I ) x  = 0 (7.36) 

where I is  tile 54en t i ty  matrix,  a s t a r t i n g  vec io r  Y 

Subsequently, a sequence of v e c t o r s  x 

equat ion  s y s  t e m  

is f i r s t  s e l ec t ed .  
0 

is  obtained through so lu t ior r  of t h e  
j 

= x  i = 0,1,2 .... (7.37) Axi+l i 

This procedure converges toward t h e  eigenvector corresponding t o  the l a r g e s t  

eigenvalue of t h e  system. It is shown in  Ref. 7.2 (p=  210), f o r  example, 

2 t h a t  t h e  e r r o r  tends t o  zero a t  t h e  same r a t e  as (h,/h ) where X and h 

are thr? two l a r g e s t  eigenvalues (A 1 2  > A ) and i the number of i t e r a t i o n s .  

Consequently, when the  eigenvalues are w e l l  separa ted  the  convergence is 

r a p i d  bu t  when h and h are c lose ,  t h e  convzrgence is  slow. 

i 
L 1  1 

1 2 
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Convergence can  be expedited by use of a s p e c t r a l  s h i f t .  That is, 

i n  t h e  o r i g i n a l  eigenvalue problem A + A - aB is substitute.d. 

then  i s  formulated so t h a t  t h e  eigenvalue paramLer  becomes t h e  excess i n  

t h e  buckling load o r  t he  square of t h e  v i b r a t i o n  frequency ebox7e a f ixed  

v a l u e  0. 

The problem 

In both buckling artd v i b r a t i o n  a n a l y s i s  t he  main i n t e r e s t  i s  i n  

t h e  lower eigenvalues.  

i t e r a t i o n .  

i n  the  following. 

These can be obtained by use  of an inve r se  power 

The inve r se  power i terat icn with a spectral  s h i f t  i s  dzscribed 

Af te r  i n t r o d u c t i o n  of t h z  s h i f t  t h e  eigenvalue is of t h e  form 

S u b s t i t u t i o n  of 

y i e l d s  

(A - OB) x = RX 

’ Q = (A - crB)-l B 

x = Qx o r  (equivdent ly)  (Q - I) x = 0 

(7 .38)  

(7.39) 

(7 .40)  

t h a t  is, a problem of t h e  form discussed elrove (Eq. 7 .36 )  is  obtained. 

The i t e r a t i o n  converges tz t he  e igenvec tors  corresponding t o  t h e  

smallest eigenvalues,  i . e . ,  t h e  b i f u r r a t i n n  poirlLs or f requencies  t h a t  are 

c l o s e s t  t o  t h e  s p e c t r a l  s h i f t  cr. ‘The e r r o r  i n  t h e  smallest eigenvalue 

2 bpproaches zero  a t  t h e  same ra te  a s  [ ( A  

are t h e  two smallest eigenvalues of t he  o r i g i n a l  system and X 
- a)/(Xl-cr)]ll where X1 and X 1 

< x2. 1 

The i t e r a t i o n  by i t s e l f  has  somq drawbacks inc luding  

Slow convergence wher. s e v e r a l  eigem7alues iire c l o s e  t3 the  

smallest eigenvalue. 
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0 D i f f i c u l t y  i n  c o n t r o l l i n g  t h e  i t e r a t i o n  and s h i f t  p o i n t s  

i n  a sys temat ic  way so as t o  f i n d  a number of eigenvalues 

and eigenvectors.  

e Rathcr h igh  computation c o s t  when a number of s h i f t  p o i n t s  

are used. 

0 High charges f o r  a u x i l i a r y  s torage ;  t he  f ac to red  s t i f f n e s s  

mat r ix  n u s t  be read Tnto c o r e  once f o r  each i t e r a t io r , .  

The comargence of t h e  power methods can be  acce le ra t ed  t o  improve 

t h e  e f f i c i ency .  

polynomial acce le ra t ion .  

Frequently used schemes are t h e  Aitken 6 prclcess and Chebyshev 

The disadvantages wi th  t h e  need f o r  many s h i f t  p o i n t s  f o r  determina- 

t i o n  of a series c f  eigenvaliles can be overcome i f  t h e  i t e r a t i o n  process i s  

designed t o  y i e l d  a sct of vec to r s  y 

e ra t ed  by t h e  f i r s t  k eigenvectors.  

t o r s .  The e igenvec tors  of t h e  o r i g i n a l  system of rank n can then be obtained 

from the  s o l u t i o n  of a system of rank k. A number of power i t e r a t i o ~ s  may be 

... y which span t h e  subspace gen- 

... y ) be such a se t  02 vec- ( Y 1  k 

1’ Y2’ k 
L e t  y = 

c a r r i e d  o u t  between each tLi: the  reduced system i s  solved. 

I n  STAGSC t h e  simultaneous i t e r a t i m  wi th  Chebyshev polynomials is 

used t o  reduce t h e  problem. 

t ransformat ions  foi.iowed by a p p l i c a t i o n  of t h e  LR algorithm (Ref. 7.2). The 

d e t a i l s  of t h e  P,Eebyc!i;Cv a c c e l e r a t i o n  and the  simultaneous i t e r a t i o n  proced- 

u r e  are given i n  AppcsdSs D. 

The reduced problem is  soi-zed by Housekolder 

7.5 Trans ien t  Analysis 

S t a t i c  s t r u c t u r a l  . v a l y s i s  l e a d s  t o  a pure  boundary va lue  proble-,, 

that is, boundary cond i t ions  spec i fy  l o c a l  const:air,ts on t h e  s o l u t i o n  func- 

t i o n s  and poss ib ly  on t h e i r  s p a t i a l  de r iva t ives .  Natura l  boundary cundi t ions  

(on f o r c e s  and moments) supply c s n s t r a i n t s  t h a t  are automaticKlly s a t i s f i e d  

i f  v a r i a t i o n a l  methctds are used. 

must be enforced by use  of s i d e  cond i t ions  i n  t h e  -:ariatima1 prcblem 

Cons t r a in t s  cn dispiacements and r o t a t i o n s  

t 
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With t h e  a d d i t i o n  of t i m e  as an independent parameter, i n i t i a l  

c o n d i t i o n s m u s t a l s o  be spec i f i ed .  The a n a l y s i s  of t r a n s i e n t  behavior of a 

s t r u c t u r e  then l e a d s  t o  a mixed i n i t i a l  value and boundary va lue  problem. 

From a pure ly  mathematical p o i n t  of vfew t i m e  as an independent para- 

meter i s  i n  no way d i f f e r e n t  from t h e  space va r i ab le .  The s p e c i a l  cha rac t e r  

of t h e  i n l t i a l  va lue  problem is  caused by the  f a c t  t h a t  only a t  t L  'me  zero  are 

a l l  t h e  degrees  of freedom (displacements and v e l o c i t i e s )  spec l f i ed .  I n  a 

mixed problem a s o l u t i o n  i s  sought t o  a set of d i f f e r e n t i a l  equations t h a t  

setisf y: 

e The boundary cond i t ions ,  i.e., l o c a l  c o n s t r a i n t s  a t  a l l  

va lues  of time. 

6 The i n i t i a l  condi t ions ,  i .e. ,  t he  va lues  of a l l  d i sp lace-  

ments and t h e i r  f i r s t  o rder  t i m e  d e r i v a t i v e s  ( v e l o c i t i e s )  

a t  t h e  i n i t i a l  t i m e .  

From a computational po in t  of view a n  important d i f f e r e n c e  between 

boundary va lue  and i n i t i a l  v a l u e  (or mixed) problems, i s  t h a t  i n  t h e  l a t t e r  

i t  is n o t  possib1c t o  avoid some propagation of e r r o r .  I n  a q u a s i s t a t i c  

a n a l y s i s  (a boundary va lue  p r o b l m )  t h e  rtc,nlinear s t a t i c  equat ions  are de- 

f i n e d  a t  each load s t ep .  By use of one of t h e  Newton-type procedures, f o r  

example, a n  a c c u r a t e  s o l u t i o n  can b e  otrtaized a t  any loads tep  independently 

of t h c  q u a l i t y  of t h e  previous s o l u t i o n s .  

t i o n s  corresponding t o  t h e - i n i t i a l  va lue  problem, t h i s  is no t  t h e  case. An 

e r r o r  e a r l y  i n  t h e  anaP;;ls r e s u l t s  i r i  i naccura t e  i n i t i a l  cond i t ions  f o r  t h e  

subsequent dcfomtaLion h i s t o r y .  

seen  i n  t h e  sequel ,  t he  i n i t i a i  va lue  prsb lcn  i s  a l so  encumbered with c e r t a i n  

d i f f i c u l t i e s  r e l a t e d  t o  numerical * s t a b i l i t y  of t h e  s o l u t i o n  procedure. 

I n  t h e  ingegra t ion  of me equa- 

The errcr cannot be recovered. AS w i l l  be  

A t r a n s i e n t  a n a l y s i s  of a deforqable  I d y  e n t a i l s  t h e  s o l u t i o n  of 

t h e  equat ion  

MX f Dx + L(2) = f 
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where x i s  t h e  vec tor  of d i s c r e t e  va lues  of t h e  displacement components, M 

and D are mass and damping matrices and L (  ), i n  t he  gene ra l  case, is a non- 

l i n e a r  s t i f f n e s s  opera tor .  I f  t he  system is  l i n e a r ,  L (  ) becomes t h e  s t i f f -  

n e s s  matrix L. 

I f  damping is  neglected t h e  homogeneous p a r t  of t h e  system of d i f -  

f e r e n t i a l  equations 

I42 + Ls = 0 (7 .42 )  

is l i n e a r  w i th  cons tan t  c o e f f i c i e n t s .  The s o l u t i o n  of these  equat ions ,  as 

d iscussed  above is represented  by t h e  f r e e  v i b r a t i o n  modes q wi th  corres- 

ponding f requencies  w . 
t e n  as a l i n e a r  superpos i t ion  of vibration modes 

n 
The s o l u t i o n  of the equat ions  of motion can be w r i t -  n 

x = Q a  (7 .43 )  

where Q is a matrix i n  which each of t h e  n columns c o n s i s t s  of a n  eigenvector 

of t h e  system ( v i b r a t i o n  mode). Subs t i t u t ion  of t h i s  s o l u t i o n  i n t o  t h e  equa- 

t i o n  of motion y i e l d s  (without damping) 

M Q 8 + 3 Q a  = f (7.44) 

or a f t n r  p remul t ip l i ca t ion  wi th  t h e  t ranspose  of Q 

Q T M Q Z + Q T K Q a  = Q T f  

Due t o  t h e  o r thogona l i ty  between t h e  e igznvec tors  t h e  matrices 
T T 

T 
2 MQ and Q KQ are diagonal. 

Q KQ are equa l  t o  uni ty .  t h e  eqwition system i s  uncoupled and of t h e  form 

I f  Lhey art? zormolized sn t h a t  a l l  elements i n  

2 T 
B + w . e  = Q F, i = 1, n i 1 

(7 .45 )  

xhere  w < -  t h e  v i b r a t i o n  freqtieucy corrocpondiiig t o  t h e  i t h  node. 

d iagonal  elements of Q XQ are then r e f e r r e d  t o  as t h e  gul - ra l ized  masses of 

The 
T i 

. ... F::::::::: ..... 
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T corresponding v i b r a t i o n  modes and the  elements of t he  vec to r  Q f are t h e  

genera l ized  fo rces .  

In t h e  l i n e a r  case then a s o l u t i o n  can be obtained i n  terms of a 

supe rpos i t i on  of  v i b r a t i o n  modes. Frequently sone of t h e  v i b r a t i o n  modes 

have l i t t l e  in f luence  on t h e  deformation pa t t e rn .  

from t h e  s y s t e n  and a becomes a vec to r  w i th  m coinponents where m < n and 2 
is  a rec t angu la r  (m x n)  matrix. 
superpos i t ion .  Howzver, v i b r a t i o n  modes and f requencies  and corresponding 

genera l ized  masses can be  computed and s to red  on f i l e  f o r  u se  subsequently 

i n  a modal. superpos i t ion .  

They are then removed 

STAGS does iiot i nc lude  an  opt ion  €or  modal 

. 

I f  nonl inear  terms are included the modal approach as  defined 

above becomes impossible s i n c e  t h e  n o n l i n e a r i t i e s  in t roduce  couplings be- 

tween t h e  d i f f e r e n t  modes. 

t i c a l  because too  many modes are needed f o r  an a c c u r a t e  d e s c r i p t i o n  of t h e  

deformation p a t t e r n .  I n  such cases t h e  d i s c r e t i z e d  equations may be in t e -  

g ra t ed  d i r e c t l y .  The modal decomposition remains important i n  such cases as 

a t o o l  i n  t h e  s tudy  of accuracy and s t a b i l i t y  of d i f f e r e n t  i n t e g r a t i o n  pro- 

cedures. 

Also i n  many l i n e a r  cases t h e  method i s  imprac- 

For the  purpose of i n t e g r a t i o n  ( in  t i m e )  of t h e  equat ions  of motion 

f o r  t h e  d i s c r k t e  s y s t e z ,  a d i s c r e t i z a t i o n  i n  t i m e  i s  introduced. That is ,  

t h e  conponents of t h e  solirt ion vec tor  x are represented  by t h e i r  va lues  a t  

a number of d i s c r e t e  "poiEts i n  t i m e " .  

pressed as func t ions  of time by use  of polynomials chosen so t h a t  they match 

t h e  s c h t i o n  vecLor a t  appropr i a t e  va lues  of t h e  q i m e  parameter. The b a s i c  

p r i n c i p l e s  i n  t h e  numerical s o l u t i o n  procedure 5s demonstrated here  by use 

of an ord inary  d i f f e r e n t i a l  equati.nn of t h e  f o r a  

The displacement components are ex- 

Y (to) = Yo 

I't is assumed t h a t  t h e  s o l u t i o n  y ( r )  i n  some way has been obtained a t  a 

sequence of t imes teps ,  say  up t o  and inc luding  t h e  ntii s t ep .  The known 

(7.46) 
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v a l u e s  of t h e  func t ion  and its f i r s t  o rder  t i m e  d e r i v a t i v e s  are re fe r r ed  t o  

as the h i s t o r i c a l  data.  

by t h e  pass ing  of a polynomial through a number of t h e  h i s t o r i c a l  da t a .  

o rde r  of t h e  method fs given by the  order  of t h e  t runca t ion  e r r o r  (see Sec t ion  

6 ) .  A higher  order method r e q u i r e s  a correspondingly higher number of h i s t o r -  

ical  da ta .  

t h e  t imestep A t  i s  constant.  

t h e  form 

The s o l u t i o n  a t  t h e  (m 4- 1 ) t h  t i m e  s t e p  i s  obtain2d 

The 
L_ 

For s i m p l i c i t y  it is  assumed t h a t  t h e  equation i s  l i n e a r  and t h a t  

S u b s t i t u t i o n  of a power series then l e a d s  t o  

i=l i=l 

(7 .47)  

i s  excluded, y can be solved d i r e c t l y  from h i s t o r i -  

I n  tha r  case the procediire ts r e f e r r e d  to as an e x p l i c i t  - 5-ntegra- 
m+l  'm+~ m + i  I f  t h e  t e r m  B 

cal d a t a ,  

Lion method. I f  t h e  term conta in ing  9 is included i n  t h e  series, then 

c u r r e n t  r e l a t i o n  between 9 and y given by the  d i f f e r e n t i a l  equation (Eq. 7 - 4 6 )  

is  included i n  t h e  set  of equations from which y 

Such methods are r e f e r r e d  t o  as  b p l i c i t  i n t e g r a t i o n  procedures. 

some ve ry  bas i c  d i f f e r e n c e s  i n  t h e  behavior between e x p l i c i t  and i m p l i c i t  

methods. 

t i o n s  i n  t h e  i rnp l i c i t  method a t y p i c a l  s t r u c t u r a l  a n a l y s i s  r e q u i r e s  t h e  s o h  

t i o n  sf a l a r g e  e l g e b r a i c  equation system a t  each timestep. 

hanci. t he  f a c t  t h a t  t h e  elastic f o r c e  ba lance  i s  not enforced a t  t h e  c u r r e n t  

s t e p  i n  t h e  e x p l f c i t  method l e a d s  t o  s p e c i a l  problems with numeric i n s t a b s l i t y .  

I n  view of these  d i f f e r e n c e s  t h e  methods are discussed separa te ly .  

m+l  

(and 7m+l) i s  computed. 

There are 
m+l  

Since t h e  d i f f e r e n t i a l  equat ion  must be s a t i s f i e d  f o r  cu r ren t  so lu-  

O n t h e  riLher 

Among t h e  e x p l i c i t  schemes i t  appears t h a t  no o t h e r  method ix a?ny 

case would o f f e r  s u b s t a n t i a l  adv-.rltages i n  comparison t o  t h e  c e n t r a l  d i f f e r -  

ence scheine (see Zef .  7 .6 ) .  Therefore t h i s  i s  t h e  only e x p l i c i t  method con- 

s i d e r &  i n  t h e  follcwing. It can be  shown (see Ref. 7 .7 ,  for example) t h a t  

i f  t h e  t imestep i n  i n t e g r a t i o n  of a one-degree-of-freedom system wi th  t h e  

central ,  d i f f e r e n c e  scheme is  chosen t o  be more than  A t  where cr 

= 2 / w  (7 .48 )  Atcr 

... 
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and w is the frequency of t h e  system ( in  cps) ,  then any e r r o r  introduced €n 

the system w i l l  grow exponentially.  

i n s t a b i l i t y  becomes q u i t e  ev ident ,  t h e  solutgon vec to r  grows ve ry  rap id ly .  

The s o l u t i o n  is accura t e  i f  t h e  t imes tep  equals t h e  cri t ical .  The s o l u t i o n  

does n o t  become more a c c u r a t e  i f  A t  is somewhat less thzn A t  

I n  p r a c t i c a l  a n a l y s i s  th i s  mathematical 

cr 

For a l i n e a r  system wi th  mnay degrees of ;reedom i t  is  necessary 

fo r  s t a b i l i t y  t h a t  t h e  t imes tep  be  chosen so t h a t  
I 

(7.49) 

where wmax is t h e  h ighes t  eigeafrequency of t he  system. 

t i o n s  i t  has been suggested (Ref. 

ca l  step can be used i f  w 

under c u r r e n t  stresses. 

Fcr  nonl inear  equa- 

7.8) t h a t  t he  same equation f o r  t he  cr i t i -  

r e p r e s e n t s  t h e  maximum eigenvalxe of the system 
IMX 

The equations of motion f o r  a d i s c r e t i z e d  s t r u c t u r a l  system con- 

sist of a set of coupled second order  d i f f e r e n t i a l  equations.  

equat ions  can be decomposed i n t o  two first order d i f f e r e n t i a l  equations.  

The decomposition i s  no t  unique. 

p z o p s e d  by Jensen (Ref. 7.10) is  favorab le  both wi th  r e spec t  t o  %e numeri- 

cal  werk involved and t h e  rate of e r r o r  propagation. Acccrdingly, t h e  equa- 

Each of t hese  

It w a s  s h o k  i n  Ref. 7.9 t h a t  a procedure 

tlcrils of motion are w r i t t e n  

y = M k  + D x  

? = f - L x  
(7.50) 

In implez$ntation of t h i s  scheme i t  is favorable ,  f o r  r educ t i cn  of prc+ga- 

t i o n  of roundciff e r r o r s  t o  de f ine  the  a u x i l i a r y  parameter y a t  h a l f  s t a t i o n s  

i n  t i m e  (see Ezf. 7.11) The s o l u t i o n  a lgor i thr :  i s  given by t h e  recur rence  

formulas 

(7.51) 
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The method i s  s e l f - s t a r t i n g .  

value of y 

ment v e l o c i t i e s .  

f irst  of t h e  cquations,  f o r  subsequent substitution i n  t h e  second equation, 

etc. 

cedure can be s t a r t e d  by s o l u t i o n  f o r  y 

With i n i t i a l  v e l o c i t y  loading, +he i n i t i a l  
is obtained as M k where k is  the  v e c t o r  of  i n i t i a l  displace- 

- %  
With xi-l = 0 the  v a l u e s  of x can  b e  obtained from the 

I f  a load is appl ied  t o  a system a t  t es t ,  x = y-%= 0 and t h e  pro- 
0 

i n  t he  second equation. +% 

It is necessary  t h e r e f o r e  i n  i n t e g r a t i o n  with e x p l i c i t  methods 

that sone nass i s  a t tached  t o  each degree of freedom. I f  Lagracgian multi-  

p l i e r s  are included f o r  enforcement of s i d e  condi t ions ,  i t  is not  

poss ib l e  t o  use e x p l i c i t  i n t e g r a t i o n  unless  s p e c i a l  arranzements are made. 
Also, a m a s s  must be a t tached  t o  each of t he  r c t a t i a n a l  degrees  of freedom. 

If only t h e  r o t a r y  i n e r t i a  (propor t iona l  t o  t h e  cube of s h e l l  th ickness)  

I s  included the c r i t i c a l  t imestep is  ve ry  s m a l l .  On t h  o t h e r  hand, a con- 

s i s t e n t  m a s s  matrix i s  nondiagonal and i n  t h a t  case execut ion  of t h e  f i r s t  

s t e p  ind ica t ed  by t h e  Eq. (7.51) e n t a i l s  t h e  s o l u t i o n  of a l a r g e  equation 

system. Therefore,  t h e  use of a c o n s i s t e n t  mass mtrix with  t h e  e x p l i c i t  

method is gene ra l ly  n o t  recommended. The b e s t  choice  i s  probably a cs re-  

f u l l y  chosen lumped mat r ix  wi th  r e l a t i v e l y  l a r g e  masses t o  go with t h e  r o t a -  

t i o n a l  freedoms. Since these  masses vanish  wi th  t h e  g r i d  s i z e  convergence t o  

t h e  c o r r e c t  s o l u t i o n  i s  no t  jeopardized; only t h e  raL; of convergence wi th  

g r i d  s i z e  depends on t h e  choice of mass mat r ix  elements corresponding LO t h e  

r o t a t i o n a l  freedoms. The choice of t i m e  s t e p  f o r  e x p l i c i t  i n t e g r a t i o n  is 

f u r t h e r  d i scussed  i n  Volume 2, Sec t ion  6 .  

C h a r a c t e r i s t i c  f o r  d i s c r e t i z e d  s t r u c t u r a l  systems is  t h a t  t h e  

eigenvalues ( v i b r a t i o n  f requencies )  vary over a w%c rznge. Such s y s t e m s  

are usua l fy  r e f e r r e d  t o  as s t i f f ,  and t h e i r  i n t e g r a t i a n  p r e s e n t s  s p e c i a l  

pyoblem. 

t imes teps  on each period of t h e  h ighes t  frequency i n  the system. 

a n a l y s i s  of stress wave propagation t h e  deformation ccxresponding t o  t h e  

low-frequency modes i s  of l i t t l e  i n t e r e s t  and t h c  c e n t r a l  d i f f e r e n c e  schemn, 

d iscussed  a'oove p r e s e n t s  a suitabl'e method. However, f o r  a n  accu ra t e  repre-  

s e z t a t i o n  of t he  wave propagation a r a t h e r  f i n e  g r i d  (see ?.cf'. 7.12) 

sequent ly  a Sn1zi.l t imestep i s  needed. 

The c r i t i c a l  t i m e s t e p  i n  e x p l i c i t  i n t e g r a t i o n  corresponds t o  II 
I n  au  

and eon- 
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In  most cases of dynamic a n a l y s i s  of s t r u c t u r a l  s h e l l s  (dynamic 

s t a b i l i t y  problems), t he  deformation modes corresponding t o  the  lowest f r e -  

quencies are of primary importance. 

is usua l ly  ve ry  l a r g e  in comparison ts Che c r i t i ca l  timestep aEd e x p l i c i t  

methods w i t h  a t i m e  s t e p  based on t h e  h ighes t  frequency become hopeless ly  

uneconomical f o r  l a r g e  systems. 

is needed t h a t  remains s t a b l e  f o r  l a r g e  time s t eps .  

The period of these  deformation modes 

For such problems a n  i n t e g r a t i o n  method 

Much can be learned about the accuracy and s t a b i l i t y  of i m p l i c i t  

i n t e g r a t i o n  methods through a p p l i c a t i o n  t o  the  f r c e  v i b r a t i o n s  of a one- 

degree-of-freedom system (Ref. 7.13). 

on t h e  b a s i s  of frequency d i s t o r t i o n  and a r t i f i c i a l  damping f o r  a f r e e l y  

v i b r a t i n g  system. 

one s p e c i f i c  va lue  of the product of t imestep and frequency. 

s t e p  i s  increased  beyond t h e  i d e a l  va lue  f o r  t h e  method the  a r t i f i c i a l  dainp- 

i n g  becomes inc reas ing ly  l a r g e r ;  t h e  energy is graduqlly decreasing. For 

smaller v a l u e s  of t h e  t imestep energy is gradual ly  added t o  t h e  sys teg .  

sequent ly ,  i f  t h e  i n t e g r a t i o n  is  c a r r i e d  over a s u f f i c i e n t l y  long t i m e  t h e  

func t ion  (displacement) w i l l  grow beyond any bound. 

i n s t a b i l i t y ,  al though of a somewhat d i f f e r e n t  cha rac t e r  than t h a t  encount_.- 

e r ed  i n  e x p l i c i t  i n t e g r a t i o n .  

freedom, t h e  s o l u t i o n  of t he  homogeneous p a r t  of t h e  equat locs  of motion can 

be  w r i t t e n  i n  t h e  form 

The performance of a method is  judged 

The energy i n  a v i b r a t i n g  system i s  usua l ly  preserved f o r  

A s  t h e  t i m e -  

Ccn-  

This is r e f e r r e d  tc  as 

For a system wich more than one degree of 

A .  t 
(7.52) x = l a i t :  1 

In  the  l i n e a r  case without damping a l l  t3e Xi (eigenvalnes) are imaginary a:id 

e I- bexmes  s in(wt)  (compare Eq. (7.30)).. T t d  mcdes  are uncoupled and t h e  

d i scuss ion  of s t a b i l i t y  of t h e  so lu t fon  of s i n g l e  degree of cystems a p p l i e s  

t o  sach of t h e  v i b r a t i o n  modes. The i n s t z b i l i t y  mani fes t s  i t s e l f  i n  a ntilti- 

degree-of-freedom system as a gradual grgwtk of a v i b r a t i o n  ir. t h e  mode (or  

modes) f o r  which w A t  i s  below the  c r i t i ca l  value.  

1.t. 

.. . .. .. 
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Some i m p l i c i t  methods of second order o r  lower are c a l l e d  uncon- 

This means t h a t  t h e  e r r o r  is  on the s i d e  of decreas ing  d i t i o n a l l y  s t a b l e .  

energy f o r  a l l  va lues  of  A t .  

than  the  second o rde r  can E2 uncondi t iona l ly  s t a b l e .  

It has  been shown t h a t  no method of h igher  

In  a s t i f f  system tfie h igher  modes w i l l  be poor ly  represented  i n  

a s o l u t i o n  based on an i n p l i c i t  method. 

and t h e  most prominent f e a t u r e  of t h e  i m p l i c i t  methods may be t h a t  they a l low 

the a n a l y s t  t o  s a c r i f i c e  some accuracy i n  order t o  make t h e  a n a l y s i s  econom- 

i c a l l y  f e a s i b l e .  

Frequently these  are of 30 i n t e r e s t  

. .... 

For a system with complex eigenvalues (A = a i i  k i Bi  i n  Eq. (7.52)) 

With any given t h e  s t a b i l i t y  c r i t e r i o n  must be defined i n  the  complex plane. 

i n t e g r a t i o n  method t h e r e  e x i s t s  a c u m 2  i n  t h i s  plane symmetric a b s z t  the real  

axis, so t h a t  t h e  energy remains cons tan t  during i n t e g r a t i o n  i f  t h e  complex 

p a i r  X . A t  f o r  a one-degree-of-freedom system f a l l  on this l i n e .  I f  a smaller 

t imestep is  chosen, i n s t a b i l i t y  w i l l  occur a n d i f  X A t  falls o u t s i d e  t h e  curve,  

a r t i f i c i a l  damping is  introduced. For a l i n e a r  undaqed  system a l l  eigen- 

v a l u e s  are on t h e  imaginary axis. I f  s t r u c t u r a l  damping is  added t h e  eigen- 

v a l u e s  w i l l  be complex p a i r s  with a nega t ive  real  pa r t .  That is, a l l  eigen- 

v a l u e s  are i n  t h e  l e f t  half-plane. 

s t a b l e  range i s  confined t c  cne p a r t  cf t h e  complex plane where t h e  real  p a r t  

is p o s i t i v e  is c a l l e d  A-stable. Consequently, an  >-?table method i s  uncondi- 

t i o n a l l y  s t a b l e  f o r  a l l  l i n e a r  strlicffirzl systems. 

1 

An i n t e g r a t i o n  method f o r  which t h e  un- 

The s t a b i l i t y  bcundarles are shown i n  F igure  7.3 f o r  a few f r e -  

quent ly  used i m p l i c i t  i n t eg ra t io r ,  icztkods. 

t h i r d  o rde r  method these  are A-stabla. 

wi t ! i  t he  except ion  cf Gear's 

The t r apezo ida l  method is a simple and e f f i c i e n t  i m p l i c i t  method. 

Applied t o  t h e  equat ion  

j, = 7 (x, t) 

x(0) = C 
. (7.53) 

..... t: 
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t h e  t r apezo ida l  method l e a d s  t o  the  i n t e g r a t i o n  formula 

, ....... ...... ........... ........... .... 
... 

.... 

. .  
t: . 

- x -At 1 [F(x t) + F ( x ~ + ~ ,  tn+l)] 
2 n' . 

X n+l n (7.54) 

The method is i m p l i c i t  .since xn+l appears  on the  right-hand s ide .  

t i o n s  of motion are reduced t o  a set of t h e  f i r s t  o rde r  form (Eqs. 7.50). 

I n  t h e  d i s c r e t i z e d  a n a l y s i s  of a multiple-degree-of-freedom system, t h e  term 

F(Xn+l' tn+l n+l 
e q u a t i m  system n u s t  be solved f o r  each c i m e  s tep .  

the v e r c i c a l  a x i s  s epa ra t e s  t h e  s t a b i l i t y  zones so t h a t  t h e  e n t i r e  l e f t  ha l f -  

p lane  coiresponds t o  s t a b i l i t y .  Consequently, the method is  uncondi t iona l ly  

s t a b l e  and f o r  l i n e a r  undanped systerr. t h e  energy corresponding t o  a l l  t h e  d i f -  

f e r e n t  f r e e  v i b r a t i o n  modes i s  maintained cons tan t  during i n t e g r a t i o n  i n  t i m e .  

The equa- 

) i n t roduces  couplings between the  unknowns (x ). Hence, an 
For the  t r apezo ida l  method, 

The s t i f f l y  s t a b l e  methods by Gear w e r e  designed s p e c i f i c a l l y  f o r  

s t i f f  systems. C h a r a c t e r i s t i c  f o r  Gear's arid o the r  s t i f f l y  s t a b l e  methods -- - 
i s  t h a t  they do not  inc lude  h i s t o r i c a l  va lues  of t h e  displacemeat d e r i v a t i v e s  

( v e l o c i t i e s )  as  a b a s i s  f o r  t h e  approximating polynomials. Gear's second o rde r  

method is  A-stable bu t  a l l  h igher  o rde r  methods have some reg ion  of i n s t a b i l i t y  

i n  t h e  l e f t  half-plane. The higher o rde r  methods can remain s t a b i e  a t  a l l  t i m e -  

s t e p s  i n  t h e  presence zf some s t r u c t u r a l  dam?ing. The c o e f f i c i e n t s  i n  t h e  multi- 

s t e p  method ?re given i n  Appendix D fcr Gear's second and t h i r d  order  methods 

and f o r  K. C. Park's method. The s t a b i l i t y  boundaries f o r  t hese  methods are 

shown i n  F igure  7 . 3 .  

The s t a b i l i t y  cri teria are n c t  exac t ly  v z i i d  i f  nonl inear  t e r m s  are 

included, i .e. ,  if t h e  s t i f f ' i e s s  oepra tor  L( ) (Eq. 7.41) is nonl inear .  Rig- 

orous c r i t e r i a  fcir t h i s  case have not  been developed. The e i g e w a h e s  of t h e  

s t i f f n e s s  ope ra to r  ( the  Frechet d e r i v a t i v e )  vary wi th  t b  appl ied  load. 

seems reasonable t o  apply  the  same c r i t e r i a  i n  t h e  conl inear  case wi th  t h e  

only d i f f e r e n c e  t h a t  cu r ren t  va lues  of t h e  eigenvalues are used. However, 

t h e  s t a b i l i t y  depends no t  only on t h e  eigenvalues iiieiliselves, 3 u t  also on 

their  ra te  of char,ge. 

eigenvalues g ive  an  apprc+mation and can be used ts i n i t i a t e  2 t r i a l  and 

e r r o r  procedure, 

values of t h e  v e l o c i t i e s  i t  seems less l i k e l y  t h a t  t h e i r  s t c b i l i t y  bound- 

ary would be scisLtive t o  the  presence of nonlirsear terms (see  R e f .  7.6). 

It 

S t a b i l i t y  l i m i t s  determined on the  basis of c u r r e n t  

Since t h e  s t i f f l y  s t a b l e  mcthods do n o t  u se  histori-2.l.  
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1 
A nonl inear  system can have eigenvalues w i t h  a p o s i t i v e  real  value.  

Such a s i t u a t i o n  will occur i f  t he  c u r r e n t  displacement conf igu ra t ion  i n  t h e  

s ta t ic  case would correspond t o  uns t ab le  equilibrium, f o r  exainple, i f  t h e  

ax ia l  stress i n  a column temporarily exceeds t h a t  

load, t h e  s t r u c t u r a l  s t i f f n e s s  is negat ive .  

g r a t i o n  method exists t h a t  can be considered uncondi t iona l ly  s t a b l e .  

f o r e ,  i t  may a t  t i m e s  be d i f f i c u l t  t o  decide whether a r ap id  growth i n  d i s -  

placement is caused by a c t u a l  phys i ca l  i n s t a b i l i t y  o r  by spur ious  mathenat ica l  

i n s t a b i l i t y .  Presumably, t h e  former would r e s u l t  i n  uniform r a p i d  growth of 

oile displacement p a t t e r n  and the  lat ter i n  an o s c i l l a t i o n  w i t h  i nc reas ing  

amplitude. S t i i l ,  i t  seems advisable  t o  inc lude  a check on t h e  energy bal-  

ance  i n  a computer program f o r  t r a n s i e n t  a n a l y s i s  of nonl inear  systems. That 

is, a t  each t i n e s t e p  t h e  sum of t h e  incremeats i n  the  k i n e t i c  and s t r a i n  ener- 

g i e s  is  compared t o  t h e  work done by e x t e r n a l  f o r c e s  dur ing  t h e  timestep. 

corresponding t o  t h e  Euler 

In t h e  non l inea r  case no i n t e -  

There- 

Regarding t h e  choice  of m a s s  mat r ix  f o r  use  in i m p l i c i t  i n t e g r a t i o n  

it appears  t h a t  t he  c o n s i s t e n t  m a s s  matrix gene ra l ly  should g i v e  more accu ra t e  

r e s u l t s .  It is  poss ib l e  though t h a t  i f  t h e  s t r u c t u r a l  s t i f f n e s s  i s  over- 

es t imated  (conforming elements) t h e  e r r o r  in t h e  diagonalized matrix w i l l  

tend t o  compensate f o r  t h i s  s t i f f n e s s  and may improve t h e  r e s u l t s  i n  t h e  

range of engixeering accuracy. 

L i t t l e  is  known about t k  s t r u c t u r a l  damping. I n  p r a c t i c a l  analy- 

sis i t  has  been customary for convenience t o  chose a damping matrix t h a t  i s  

p r s p o r i i o n a l  e i t h e r  t o  the  mass matrix o r  t o  t h e  s t i f f n e s s  nlatrix. I n  the  

former case t h e  eigenvalues (of a l i n e a r  system) w i l l  be loca ted  on a c i rc le  

i n  t h e  l e f t  half-Ffzne. Vith damping p ropor t iona l  t o  t h e  mass matrix they 

are l o z a t e a  on a l i n e  i n  t h e  l e f t  half-plane p a r a l l e l  to the imaginary a x i s ,  

The STAGSC code i w l u d e s  as  options: The e x p l i c i t  central d i f f e r -  

ence scheme and the  following i m p l i c i t  schemes: 

.. 

. . . . . . . ... 

0 The t r apezo ida l  method 

0 Gear's second o rde r  methcd 

0 Gear's t h i r d  o rde r  nethod 

0 Park's method 
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In t h e  User's I n s t r u c t i o n s  (Volume 11), advice is given regard ing  t h e  choice  

be tween o p t i o n a l  procedures. [__. , . . . . . . 
.. ... . . 

Presen t ly  only  a d iagonal  mass mat r ix  is ava i lab le .  I n  t h e  case 

of i m p l i c i t  i n t e g r a t i o n  t h e  massgs corresponding t o  tho  r o t a t i o n a l  freedoms 

inc lude  only the  r o t a r y  i n e r t i a .  

mass ma t r ix  elements are chosen so t h a t  t h e  v i b r a t i o n  modes corresponding 

t o  pure membrane a c t i o n  w i l l  determine t h e  timestep. 

t o  use  a c o n s i s t e c t  mass matrix i s  d e s i r a b l e .  

I n  cases of e x p l i c i t  i n t e g r a t i o n  these  

Addition of an opt ion  

The use r  can d e f i n e  s t r u c t u r a l  damping t h a t  i s  p ropor t iona l  t o  t h e  

m a s s  matrix o r  t o  t h e  s t i f f n e s s  mat r ix  ( l i nea r i zed ) .  I n  a d d i t i o n  t h e  user  i s  

allowed t o  d e f i n e  a n  " i n t e n s i t y  of danping" as  a func t ion  of t he  s h e l l  eoor- 

diriate. 

by a surrounding medium. 

Such damping may b e  u s c f u l  I n  sone casts t o  r e p r e s e n t  damping caused 

None of t he  STAGS ve r s ions  inc ludes  a check on energy balance. How- 

ever, such a check would d e f i n i t e l y  be a va luable  a d d i t i o n  t o  t h e  program. 

. . . . .. . 
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